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Cm ' Abstract. We examine various versions of oriented cohomology and Borel- 

Moore homology theories in algebraic geometry and put these two together 
in the setting of an "oriented duality theory" , a generalization of Bloch-Ogus 
twisted duality theory. We apply this to give a Borel-Moore homology ver- 
sion MGL' t „ of Voevodsky's MGL*'*-theory, and a natural map i9 : f2« — * 
MGL^ „, where Q„ is the algebraic cobordism theory defined in [4]. We con- 
jecture that i? is an isomorphism and describe a program for proving this 
conjecture. 
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Introduction 

00 

^D ■ The notion of oriented cohomology has been introduced, in various forms and 

in various settings, in the work of Panin [8], Levine-Morel [4], and others. A 
related notion, that of oriented Borel-Moore homology appears in [4|. Mocanasu 

r> | [5] has examined the relation of these two notions, and, with a somewhat different 

axiomatic as appearing in either [4] or [8], has given an equivalence of these two 
theories, the relation being that the cohomology with supports in a closed subset 
A of a smooth scheme M becomes the Borel-Moore homology of X. 

Our main goal in this paper is to tie all these theories together. Our first step 
is to extend results of [5] , to show that an orientation on a ring cohomology theory 
gives rise to a good theory of projective push-forwards on the cohomology with 
supports. This extension of Panin's results allows us to use the ideas and results 
of Mocanasu, which in essence show that many of the properties and structures 
associated with the cohomology of a smooth scheme M with supports in a closed 
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2 MARC LEVINE 

subset X depend only on X; we require resolution of singularities for this step. We 
axiomatize this into the notion of an oriented duality theory, which one can view 
as a version of the classical notion of a Bloch-Ogus twisted duality theory. The 
main difference between a general oriented duality theory (7J, A) and a Bloch-Ogus 
theory is that one does not assume that the Chern class map L h-+ c\{L) satisfies 
the usual additivity with respect to tensor product of line bundles: 

d(L <8> M) = Ci(L) + ci(Af). 

This relation gets replaced with the formal group law Fa(u,v) G A(Speck)[[u, v]] 
of the underlying oriented cohomology theory A, defined by the relation 

c 1 {L®M)=F A {c 1 {L),c 1 {M)). 

In fact, the Chern classes c\{L) and formal group law Fa are not explicitly given 
as part of the axioms, but follows from the more basic structures, namely, the 
pull-back, projective push-forward and the projective bundle formula. 

We conclude with a discussion of the two theories which form our primary 
interest: the theory of algebraic cobordism SI* of [4J, and the bi-graded theory 
MGL*'*, also known as algebraic cobordism, but defined via the algebraic Thorn 
complex MGL in the Morel- Voevodsky motivic stable homotopy category SH(k) 
(see [10p. Assuming that k admits resolution of singularities, we show how one 
may apply our general theory to MGL*'*, giving rise to an associated oriented 
Borel-Moore homology theory MGL', „, which together form an oriented duality 
theory (MGL^, „,MGL*'*). Concerning f2», we show how this theory comes with a 
canonical "classifying map" 

$h '■ ^* — * #2*,* 

for each bi-graded oriented duality theory (H, A). Taking the case (MGL'„ ^MGL*'*) 
we achieve an extension of the natural transformation $ MGL : J7* — > MGL 2 *'*, dis- 
cussed in [4], to a natural transformation 

tf M GL : O, - MGL' 2 ^. 

We conjecture that $ is an isomorphism, extending the conjecture of [I] that $ MGL 
is an isomorphism, and we outline a program for proving this conjecture. In fact, 
the extension of the conjecture of [4], and how this extension to the setting of Borel- 
Moore homology could lead to a proof of the conjecture, is the main motivation 
behind this paper. 

In the first section, we review Panin's theory of oriented ring cohomology and 
show how his method of defining projective push-forwards for oriented ring coho- 
mology extends to give projective push-forwards for cohomology with supports. In 
section [2j we recall Mocanasu's theory of algebraic oriented cohomology, giving a 
modified version of this theory, and show that the projective push-forward with 
supports defined in section [1] endows an oriented ring cohomology theory with the 
structure of an algebraic oriented cohomology theory. In section [3] we introduce the 
notion of an oriented duality theory and show that an oriented ring cohomology 
theory extends uniquely to an oriented duality theory. In the last section, we apply 
our results to MGL*'*, construct the classifying map du '■ ^* —> ^?2*,*, and discuss 
the conjecture that $mgl is an isomorphism. 
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1. Integration with support 



Panin has made a study of properties of oriented ring cohomology theories, show- 
ing how a good theory of Chern classes of line bundles gives rise to push-forward 
maps for projective morphisms (he calls this latter structure an integration). For 
our purposes, we will need push-forward maps for projective morphisms of pairs, 
so we need to extend Panin's theory a bit. Fortunately, the extension is mainly a 
matter of making a few changes in the definitions, and noting that most of Panin's 
arguments extend without major change to the more general setting. In this section, 
we give the necessary extension of Panin's theory. 

We fix a base-field fc and let Sm/fc denote the category of smooth, quasi- 
projective varieties over fc. We denote the base-scheme Spec k by pt. Panin uses the 
category SmOp of smooth open pairs over k, this being the category of pairs (M, U), 
M,U G Sm/fc, with U C M an open subscheme. A morphism / : (A/, U) — > (N, V) 
is a morphism / : M — ► N in Sm/fc with f(U) C V. 

For (M, U) G SmOp and for X = M\ U, we call the pair (M, X) a smooth pair. 
If we define a morphism of smooth pairs, / : (N, Y) — » (M , X) to be a morphism 
/ : N — > M in Sm/fc such that f~ l (X) C Y, then we have the evident isomorphism 
of SmOp with the category SP of smooth pairs. We will use throughout SP instead 
of SmOp. We have the inclusion functor t : Sm/fc — ► SP sending M to (M, M) 
and / : M -f N to the induced map / : (M, M) -» (iV, iV). 

As our intention here is to add support conditions to Panin's theory, and this 
requires some additional commutativity conditions not imposed in [8], we will add 
the simplifying assumption that a ring cohomology theory will always be Z/2- 
graded. We likewise require that the boundary maps in the underlying cohomology 
theory are of odd degree and that the pull-back maps preserve degree. Having made 
these modifications, we have the following version of Panin's notion of a cohomology 
theory, and a ring cohomology theory, on SP. 

Definition 1.1. A cohomology theory A on SP is a functor A : SP op — * Grz/ 2 Ab, 
together with a collection of degree 1 operators 

d M ,x ■ A(M, X) -» A(M \X,M\ X) 

satisfying the axioms of [HI Definition 2.0.1]. 

For a smooth pair (M,X), we write A X (M) for A(M,X), we write A(M) for 
A(M,M) = A M (M), and for / : (M,X) -> {N,Y) a morphism in SP, we write 
/* : A Y (N) -» A X (M) for the map A(f). For a smooth pair (M,X), the identity 
map on M induces the "forget the support map" id^ : Ax(M) — ► A(M). With 
these notations, the axioms are: 

(1) localization: For each (M, X) G SP, let U = M \ X and let j : U -> M be 
the inclusion. Then the sequence 

A(M) A A(U) 9 ^^ A X {M) ^K A(M) A A(U) 
is exact. 
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In addition, the maps 8m, x are natural with respect to morphisms in 
SP: given a morphism / : (M,X) —* (N,Y) in SP, the diagram 

A(N\Y)^-^A Y (N) 



IN\Y 



r 



A(M\X)- >A X {M) 

Om,X 

commutes. 

(2) excision: Let / : M' — > M be an etale morphism in Sm/fc, let X C M 
be a closed subset and suppose that / : f^ 1 (X) — > X is an isomor- 
phism (giving X and f~ 1 (X) the reduced scheme structure). Then the 
map / : (M',f~ 1 (X)) — ► (M, X) induces an isomorphism /* : Ajc(M) -» 

^/-i(X)(M'). 

(3) homotopy: For M £ Sm/fc, the map p* : A(M) — ► A(M x A 1 ) induced by 
the projection p : M x A 1 — > M is an isomorphism. 

Remarks 1.2. 1. The localization and excision axioms yield a long exact Mayer- 
Vietoris sequence. Similarly, if X C X 1 c M are closed subsets of M G Sm/fc, 
putting together the localization sequences for X C M, X' C M and X'\X C M\X 
gives the exact sequence of the triple (M, X', X): 

A X ,(M)^A X ,\ X (M\X) 

2^£^ A X (M) ^ A X ,{M) £♦ A x , vx (Af \ X). 
See 2.2.3] for details. 

2. Let p : 1/ — » M be an affine space bundle, IcMa closed subset. Together 
with localization and Mayer- Vietoris, the homotopy axiom implies that 

p* : A X (M) ^ A p - 1{x) (V) 

is an isomorphism. Indeed, V — * M is Zariski locally isomorphic to the projection 

M x A" -> M. 

Definition 1.3. A raj cohomology theory on SP is a cohomology theory A on SP 
together with graded maps for each pair of smooth pairs (M, X), (N, Y) 

x : A X {M) <8> A Y {N) -» A XxY (M x N) 

and an element 1 e A 6 " (pi) satisfying the axioms of 8, Definition 2.4.2]: 

(1) associativity: (a x b) x c = a x (b x c). 

(2) fmzi: o x 1 = 1 x a = a. 

(3) the partial Leibniz rule: Given smooth pairs (M, X), (M, X'), (N, Y), with 
X c X', we have the exact sequence of the triple (M x N,X' xY,X xY) 
( remark |1.2f l)) with boundary map 

d M xN,x'xN,xxN ■ A {x ,\ x)xY ({M \Z) x N) -> A XxY (M x TV). 

We also have the triple (M, X',X), with boundary map 

d M ,x>,x ■ A X ,\ X (M\X) - 4 X (M). 
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Then 

9MxN,x'xN,xxN{a x b) = d M ,x',x{a) x b 
for a G A X , XX (M \X),beA Y {N). 
We add the axiom 

(4) graded commutativity: For a G Ax (M) of degree p and b G Ay (iV) of degree 
(j, and with t : N X M — > M X N denoting the symmetry isomorphism, we 
have 

r*(axb) = (-l) pq (bxa). 

For smooth pairs (M, X), (M, Y), pull-back by the diagonal gives the cup product 
with supports 

U : A X (M) ®A Y (M) -* A xriY (M); U := 6 X o x. 

In particular, A(M) is a Z/2-graded, graded-commutative ring with unit for each 
M G Sm/fc and A X (M) is an A(M)-module for each smooth pair (M,X)\ A X (M) 
is itself a Z/2-graded, graded-commutative ring without unit. The partial Leibniz 
rule implies that, for a triple (M,X',X), the boundary map 

d M ,x>,x ■■ A X ,\ X (M \ X) -» A X (M) 

is an Ax" (M )-module map for all closed subsets X 1 C X" C M; more generally, 
for any closed X" C M , we have 

9M,x'nx",xnx"(« U fe) = a U d M ,x>,x{b) £ Axnx"(Af) 
for a G i4 x »(Af), 6 G A X ,\ X (M \ X). 

Remark 1.4. Instead of a Z/2 grading, one can work in the Z-graded or bi-graded 
setting. One requires that the pull-back maps /* preserve the (bi-)grading, and 
that d is of degree +1 or bi-degree (+1, 0). 

At various places in the theory, Panin requires various elements to have cer- 
tain commutativity properties (see e.g., [8] Definition 2.4.4]); we will replace these 
conditions with the condition that these elements have even degree. With these 
modifications, Panin defines four structures on a ring cohomology theory A: 

(1) An orientation on A is an assignment of a graded j4(M)-module isomor- 
phism th x : A X (M) — » Ax(E) for each smooth pair (M,X) and each 
vector bundle E on M, satisfying the properties listed in Definition 
3.1.1]. 

(2) A Chern structure on A is an assignment of an even degree element c\{L) G 
A ev (M) for each line bundle L on M G Sm/fc, satisfying the properties 
of functoriality, nondegeneracy: a P^bundle formula, and vanishing for 
L = Om the trivial line bundle on M (see [8] Definition 3.2.1]). 

(3) A Thorn structure on A is the assignment of an even degree element th{L) G 
A e ^{L) for each line bundle L on M G Sm/fc, satisfying the properties of 
functoriality and nondegeneracy: cup product with i/i(Oj\/) is an isomor- 
phism Uth(0 M ) ■ A(M) -> A M (M x A 1 ) (see Definition 3.2.2]). 

(4) An integration on A is a assignment (/ : N — > A/) t— » /» : A(7V) — > A(M) 
for each projective morphism / : N — > M in Sm/fc, satisfying the properties 
of [HI Definition 4.1.2] (since we are in the Z/2-graded setting, we require 
that /* preserves the grading). 
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The main result of [8] is that each of these structures gives rise in a uniquely 
determined manner to all the other structures, and that each "loop" in this process 
induces the identity transformation. Our goal in this section is to extend this result 
to a more widely defined integration structure. 

Remark 1.5. In the Z-graded or bi-graded situation one requires that the Chern 
class C\(L) or the Thorn class th(L) is in degree 2 (in the graded case) or bi-degree 
(2, 1) (in the bi-graded case), and that the push-forward /* shifts (bi-)degrees 

/♦ : A n (N) -> A n+2d (M); /» : A p ' q {N) -► A p+2d < q+d {M) 

where d is the codimension of /, d = dinifc M — dim^ TV. With these modifications, 
one recovers Panin's main results in the (bi-)graded case. 

Let SP' be the category with objects the smooth pairs (M,X), M G Sm/fc, 
X C M, where a morphism / : (M, X) — > (N, Y) is a projective morphisms of 
pairs, i.e., a projective morphism / : M — > TV in Sm/fc such that f(X) C Y. A 
morphism / : N — ► M in Sm/fc and closed subsets Z C M and Y C N give rise to 
the map 

f*(-)U:A z (M)®A Y (N)^A Ynf - 1(z) (N) 

sending a <8> 6 to /*(a) U 6, where /* : A Z (M) -> A/-i(^)(iV) is the pull-back. For 
y C / _1 (^)7 the ma P /*(~) u makes Ay(iV) an A z (M)-module. 

Definition 1.6. Let A be a Z/2-graded ring cohomology theory on SP. An mie- 
gration with supports on A is an assignment of a graded push-forward map 

/* : A Y (N) -» A X (M) 

for each morphism / : (N,Y) — > (M,X) in SP', satisfying: 

(1) (/ o g)* = /, o §, for composable morphisms. 

(2) For / : {N,Y) -» (M,X) in SP', and Z a closed subset of M, /* is a 
Az(M)-module map, i.e., the diagram 

A Z (Af) ® Ay(iV) f ( ' )U ) i4y n/ -i (z) (JV) 



id®/» 



/. 



A Z (M) ® i4 x (Af) > Axnz(M) 

commutes. 
(3) Let i : (iV, Y) -> (M, X) be morphism in SP' such that i : N -» M is a 
closed embedding, let <? : (M, X) — > (M,X) be a morphism in SP. Let 
N := N x M M, g : N — *• TV, i : N — >• M be the projections, and let 
y := i _1 (y). Suppose in addition that TV is in Sm/fc and the square 
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is transverse. Then the diagram 

Af(N)-±->Ax(M) 

a* a" 

A Y (N) —^Ax(M) 

commutes. 
(4) Let / : (N, Y) -» (M, X) be a morphism in SP, and let p N : P" x N -» 2V, 
Pm : P n x M — > M be the projections. Then the diagram 

A r ^ xY (F n x N) { <— — A ¥ n xX (F n x M) 



PN* 



PM* 



A Y (N) <- 



r 



A X (M) 



commutes. 
(5) Given smooth pairs (M,X) and (M, Y) with X c Y, the maps 



and 



id M * : A X (M) ^ A Y (M) 
id* M : A X (M) -> A Y (M) 



are equal. 
(6) Let / : N — > M be a projective morphism in Sm/fc, let F c V C N, 
X C X' C M be closed subsets, and suppose that / _1 (X) ClY' = Y, 
f(Y') C X'. Then the diagram 



Ay,\ Y (N\Y) 

U 
A X ,\ X (M\X) 



■+A Y (N) 



->4x(M) 



commutes. Here 9jv,y,y and 8m,X',x are the boundary maps in the re- 
spective long exact sequence for the triples (N, Y', Y) and (M, X', X), and 
the push-forward map /* : Ay/\y(iV \ Y) — > j4j-\j(M) is the composition 



A Y ,\ y (iv \ y) i- A y ,\ y (vv \ r^x)) 



/, 



NXZ-^X), 



>A X ,\ X (M\X). 



Note that an integration with supports on A determines an integration on A by 
restricting /* to /* : A(N) — * A(M). One has as well a Z-graded or bi-graded 
version. 

For later use, we give an extension of the properties (3) and (4) of definition 1 1.61 

Lemma 1.7. Let A be a Z/2-graded ring cohomology theory on SP, with an 
integration with supports. Let f : (N, Y) — » (M, X) be a morphism in SP , 
g : (M,X) -> (M,X) a morphism in SP. Let N := N x M M, g : N -> N , 
f : N — ► M be the projections, and let Y := f (X). Suppose in addition that 
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there is an open neighborhood U of Y in N such that U Xm M is in Sm/fc, the 
diagram 



,~, / 



U x M M- 

9 

u- 



f 



->M 



M 



is transverse, and the closure U o/UxmM in N is smooth. Then the diagram 

A Y {U)^A X {M) 



A Y {N) — ^ A X (M) 

commutes, where f : U — > M is the restriction of f and g : U — > N is the restriction 

of Si- 
In particular, if N is in Sm/k and the cartesian diagram 




is transverse, then the diagram 



Ay{N) 

g* 

A Y (N) 



f, 



>Ax{M) 



f, 



^A X (M) 



commutes. 



Proof. Factor / : N — > M as p o i, with i : N — * P" x M a closed immersion, and 
p : P" — » M the projection. The statement for / = p is just definition ll.6r 3). so we 
need only handle the case of / = i a closed immersion. Also, it suffices to handle 
the case X = g^ 1 (X). 

Set F := N\U, and let V := M\F, V := g~ l {V). Then V is a neighborhood of 
X in M, ands- _1 (F) is a neighborhood of X = g^ 1 (X) in M. Letting U = Ux M M, 
we have the transverse cartesian diagram in Sm/fc 
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with iu a closed immersion. Definition [L6^ 2) gives us the commutative diagram 

A Y (U)^A X (V) 



A Y (l') 



Su 



^A X {V) 



Now we just use the excision isomorphisms 

Ay(U) - A Y (U), A Y (N) - A Y (U), A X (M) - A X (V), A X (M) - A X (V) 
and definition II. 6f 2) to give the commutativity of 



Ay(U) 



>A X (M) 



A Y {N) — — > A X (M) 



□ 



Remark 1.8 (Projection formula). The condition (2) of definition 11.61 is just the 
projection formula "with supports", i.e., that 

/*(/*(a) Ub)=aUU(b)e A XnZ (M) 

for a G A Z (M), b G Ay (AT) and / : (N,Y) -» (M,X) a morphism in SP'. This 
axiom may also be stated using the external product instead of the cup product: 
Let / : {N,Y) -> (M,X), g : {N',Y') -» (M',X') be morphisms in SP'. Then 



(1.1) 



(/ x ff ).(o x b) = /.(a) x g,(b) G ^ x r(M x M'), 



for all a G Ay(iV), b G Ay/ (TV'). Indeed, to recover (2), take g to be id : (M, Z) 
(M, Z), and apply (3) to the transverse cartesian diagram 

(id,/) 

JV — — >• N x M 



M • 



/xid 

-> M x Af 



and morphism (J:(M,lnZ)^ (A/ x M,X x Z). 

To see that (2) implies (jl.ip . since f x g = (/ x id) o (id xj), it suffices to handle 
the case 5 = id. From the commutative diagram 



JV x M' 

/xid 

Af x AT' 



i'i 



->A/' 



■+M' 
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we have j>2*(k) = (/ x id)*(p2(&))> Applying (3) to the cartesian transverse diagram 



N x M' — > N 



/xid 



/ 



M x M' — — > M 



and using (2) gives 



(/ x id)* (a x b) = (/ x id)*(pi*(a) Up 2 *(6)) 

= (/xid)*(pi*(o)u(/xid)*(p5(6))) 
= (/xid)*(pi*(a))Upl(6) 
= pJ(/*(o))U^(6) 

= f*(a) x & 

To set up a one-to-one correspondence between integrations with support and 
the other structures, we rephase the compatibility condition [8j Definition 4.1.3]. 

Definition 1.9. Let lu be an orientation of A and L \— > Ci(L) the corresponding 
Chcrn structure on A (given by [8j 3.7.5]). We say that an integration with supports 
/ *~* /* °n A is subjected to the orientation u> if for each smooth pair (M, X) and 
each line bundle p : L — » M with zero-section s : M —* L, the endomorphism 

A X (M) ii» A p - 1(X) (L) -C A X (M) 
of Ax (M) is given by cup product with ci (L) . 

In case X = M, this condition is just saying that C\{L) = s*(s*(l)), which the 
reader will easily check is equivalent to the condition given in Panin's definition 1 8 , 
Definition 4.1.3]. 

Our main result is (compare with [5] Theorem 4.1.4]): 

Theorem 1.10. Let A be a Z/ 2- graded ring cohomology theory. Given an orien- 
tation lo on A there is a unique integration with supports on A subjected to to. 

Corollary 1.11. Let A be a Z/2- graded ring cohomology theory. Given an inte- 
gration / i— > /» on A there is a unique integration with supports on A extending 
/■ 

Proof. Let u> be the orientation on A corresponding to / by [8l Theorem 4.1.4]. By 
theorem 11.101 there is a unique integration with supports l on A subjected to u>. 
Since the restriction of i to an integration on A (without supports) is subjected to 
u>, it follows from the uniqueness in [51 Theorem 4.1.4] that the restriction of i to 
an integration on A is the given one / i— ► /*. Thus an extension of / i— ► /* to an 
integration with supports on A exists. 

If now i' is another extension, write the push- forward map for / as /J ; note that 
/* = /* if we omit supports. Take a £ Ax(M) and let p : L — > M be a line bundle 
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with zero section s. Then 



s*(s'M) = S *(s:(s*p* (a) Ul)) 

= «*(p*(o)U«.(l)) 
= aUs*(s*(l)) 

= aUci(L). 



Thus i' is subjected to ui, and hence t — i' by the uniqueness in theorem II. 101 □ 



Theorem II .101 is proven by copying the construction in [8] of an integration sub- 
jected to a given orientation u), making at each stage the extension to an integration 
with supports. 

Step 1: The case of a closed immersion. Let i : N — ► M be a closed immer- 
sion in Sm/fc, i"CiVa closed subset and let v — ► TV be the normal bundle of iV 
in M. The deformation to the normal bundle (0 §2.2.7]) gives the diagram 



N ■ 



Y ■ 



+ M t 4r- 



-> TV x A 1 4t 



4FxA'f 



M 



iV 



F. 



From this deformation diagram, we arrive at the maps 

A Y (v) £ A YxA i(M t ) X A Y (M). 

Lemma 1.12. The maps iQ,i* are isomorphisms. 

Proof. In case Y = N, this is Theorem 2.2.8]. In general, let U = M\ i(Y), 
V = N \ Y, let i/ be the normal bundle of V in C7, and let Ut be the deformation 
space constructed from the closed immersion i' : V —> U. 

Let j : Ut — > M 4 \ V x A 1 , j : i/' — > i/\Y be the inclusions. We have the 
commutative diagram 



A v {v \ Y) ^^ A VxA i(M t \ Y x A 1 ) ^-^ A V (U) 



A V (l/)<r 



AvxA l (Ut) 



+ A V {U); 



the maps j* and j* are isomorphisms by excision. By Theorem 2.2.8], the 
horizontal maps in the bottom row are isomorphisms, hence the horizontal maps in 
the top row are isomorphisms as well. 
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We have the commutative diagram 



A v (y \ Y) <-^— A VxA1 (M t \ Y x A 1 ) — ^ A V (U) 






A N {u) <- 



AyxA^Mt) > A Y (M) 



A NxA i (M t ) ► A N {M) 



where the columns are the long exact sequences of triples (u, N,Y), (M t , N x A 1 , Y x 
A 1 ) and (M, N, Y). Thus, the case Y — N, our remarks above, and the five- lemma 
shows that the horizontal maps in the middle row are isomorphisms, as desired. □ 

Now let X C M be a closed subset containing i(Y). We have the diagram 
A Y (v) £■ A YxA i(M t ) X A X (M) 



with Jq an isomorphism. Let 



be given by the composition 



u: A Y (N)->Ax(M) 



(1.2) 



tii': 



A Y (N) — U A Y {v) 



z*o(i*)" 



A X {M). 



Proposition 1.13. Let A be a Z/2-graded oriented ring cohomology theory. 

(1) For i : N — > M a closed immersion in Sm/fc, the map i* : A(N) — > A(M) 
defined above agrees with the map i gys defined in j8j §4.2]. 

(2) Let i : N —* M be a closed immersion in Sm/fc, Y a closed subset of N, X 
a closed subset of M such that i(Y) C X . Then for Z C M a closed subset, 
i* : A Y (N) — * Ax(M) is an Az(M) -module homomorphism (in the sense 
of definition\Tj%2)). 

(3) Let ix : N — ► M, i<i '■ P — > N be closed immersions in Sm/k, X C M, 
Y C N and Z C P closed subsets with i\(X) C Y , i%(Y) C Z. Then 

(h ° 12)* = h* o *2* : A Z (P) — > Ax{M). 

(4) Let N\, N2 be in Sm/fc, and let ji : Ni — > N :— N\ II JV2 be the canonical 
inclusions, i — 1,2. Let i : N —>■ M be a closed immersion in Sm/fc, let 
Yi d Ni be a closed subset, i — 1,2, and /e£ X <Z M be a closed subset 
containing i{Y\ II Y2). Let ij be the restriction of i to Nj, j = 1,2. Then 

i* = k* °ii* + *2 o £ : Ay lU y 2 (iVi II 7V 2 ) -» Ajc(Af). 

(5) Let i : (AT, 1") — > (M , X) &e a morphism in SP suc/i f/iat i : N — > M is 
a closed immersion, and let g : (M,X) — » (M,X) be a morphism in SP. 
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Let N := N Xm M, g : N —* N, i : N — » M be the projections, and let 
Y := f—l(Y). Suppose in addition that N is in Sm/fc and the square 




N — — >M 
is transverse. Then the diagram 

Ay(N) -^ A X (M) 

A Y {N) — — >A X (M) 

commutes. 

(6) For M £ Sm/fc with closed subsets Y C X , we have 

id M *=id* M : Ay (M)^A X (M). 

(7) Let i : (N, Y) —>■ {M, X) be a morphism in SP such that i is a closed 
immersion. Let M \Y —> M be the inclusion. Then the sequence 

A Y {N) ±> A X {M) A A X \ Y (M \ Y) 

is exact. 

(8) Let i : N —* M be a closed immersion in Sm/fc, Y C Y' closed subsets of 
N, X C X' closed subsets of M such that ^(X) D Y' = Y, i(Y') C X' . 
Then the diagram 



A Y ,\ Y (N\Y) 



A x <\x{M) 



■+Ay(N) 



-+A X (M) 



commutes. 

Proof. (1) follows from the definitions. The proofs of (2)- (7) are exactly as the 
proofs given in [U §4.4] of the analogous statements without support, altered by 
adding in the supports in the notation. 

For (8), we may replace Y' with Y' U i~ l (X) and Y with i^ 1 (X); changing 
notation, we may assume that i~ 1 (X) — Y. Use (1) and (6) to factor i* : A Y (N) — » 
Ax(M) as the composition 



A Y (N) ^ A Y (M) 



id'a; 



A X (M) 



and similarly factor i* : A Y i\ Y (N \ Y) — v Ax'\x(M \ X) as 

A Y ,\ Y (N \ Y) ±> A Y ,\ Y (M \ Y) £+ A XI \ X (M \ X). 

Since the long exact sequence of a triple is natural with respect to pull-back, this 
reduces us to the case X = Y, X' = Y'. 
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Panin shows [8j Lemma 3.7.2] that there is a "Thorn classes theory" on A, 
i.e., for each vector bundle p : E — > M, M G Sm/fc, an even-degree element 
th(E) G Am(E), such that the orientation isomorphism th x : Ax(M) — > 4x(£) is 
given by the composition 

The classes th(E) satisfy additional properties (see [8j Definition 3.7.1]), in partic- 
ular, for / : N -> M, we have f*(th(E)) = th(f*E). Let p : i/ -> N be the normal 
bundle of AT in M, and let j : N \ Y — ► N be the inclusion. Since the boundary 
map in the long exact sequence of a triple (M,X',X) is natural with respect to 
pull-backs and is an Ax' (M)-module map, this shows that the diagram 

th Y>\ Y 

A Y , XY (N \ Y) i— > A Y ,\ Y {j*v) 



y N,Y' ,Y 



d„ v , 



A Y {N) — > A Y (u) 



commutes. Looking at the definition (|1.2|) of the Gysin map, this commutativity, 
together with the naturality of the long exact sequence of a triple with respect to 
pull-back, finishes the proof of (8). □ 

Remark 1.14. Let i : N — > M be a closed immersion in Sm/fc, Y C iV a closed 
subset, X = i(Y). Then 

i*:A Y {N)^A x {M) 
is an isomorphism. Indeed, 

i* := ij o (iq)^ 1 o i/iyj 

</i^ i s isomorphism by the definition of an orientation, and Jq, i\ are isomorphisms 
by lemma IT. 121 

Step 2: XTie case of a projection. This portion relies on the formal group law 
associated to an oriented theory. We sketch the main points here, following [51 
§3.9]. 

We recall that an oriented theory A satisfies the projective bundle formula [8j 
Theorem 3.3.1]: For M G Sm/fc, 

A(P n xM)=A(M)[t}/(t n+1 ) 

(with t in even degree) the isomorphism sending t to ci(0(l)). Here L i-» Ci(L) is 
the Chern structure associated to the given orientation. 

Remark 1.15 (0 Corollary 3.3.8]). Using the exact sequences of the pairs (M,X) 
and (P™ x M, P" x X), the projective bundle formula extends to give an isomorphism 
of Ax> (M)-modules (for any closed subset X' of M containing X) 

A pnxX (P n x M) = A X (M) ® A{M) A(M)[t]/(t n+1 ) 

with a ® t 1 mapping to p\{a) U ci(0(l))\ 

We set pt := Specfc. Defining 

A(¥°° x M) := limA(P Ar x M) 
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(using the system of inclusions F N — ► P JV + 1 as the hyperplane Xn+i = 0), we have 

A(P°° x M) = A(M)[[t}}. 

Similarly, 

A(P°° x P°° x M) * A(M)[[u,w]], 

this latter isomorphism sending u to ci(p*0(l)), u to C\(p20(l)). Thus, there is a 
well-defined element F A (u,v) £ A(pi)[[u, u]] with 

i j !4(ci(pio(i)),ci(^(o(i))) = ci( P ;o(i)®^(o(i)). 

By Jouanolou's trick and functoriality, this gives 

F A {ci{L),c x {L')) = ci{L®L') 

for each pair of line bundles L, V on some M £ Sia/k. The fact that the set of 
isomorphism class of line bundles on M £ Sm/k is a group under tensor product 
directly implies that F A {u,v) defines a (commutative, rank one) formal group law 
over A(pt): 

(1) F A (u,0) = F A (0,u) = u. 

(2) F A (u,v) = F A (v,u) 

(3) F j4 (J? 4 (u,«) s uO=F a (u,F.a(i; s uO) 

with inverse given by the power series I A (t) £ vl(pi)[[£]] corresponding to c\{0{— 1)) 
under the isomorphism ^4(P°°) = A(pt)[[i]]. 

Remark 1.16. Since ci(L) has even degree, all the coefficients of F A (u, v) and 7^i(i) 
have even degree, so we actually have a formal group law over the commutative 
ring A ev (pt). 

For a commutative ring R, let fim? t ii/ fl := ^fl[t]/i?8>-R-S[[^]]- Given a commutative 
formal group law F(u,v) £ i?[[u, w]] over i?, there is a unique normalized invariant 
2 fl[[t]]/i?- We write ^A for w^ £ tt A Z(pt)[[t]]/Ae*(pt)- 

)ctn 

L A-(pt)[[t]}/A^(pty 
uj a = (1 + y^ a n t n )dt = dt + aitdt + 



differential form uj f £ ^l c ^y R - We write uj a for uj Fa £ ^x^f^rrtllM^fotV Using 
the canonical generator dt for Q A t ™v(„f-\n f -\-\/ A ev/„f-\, we have 



n>l 



with a n £ ^4 el, (pt) (here "normalized" means the first term is dt, i.e., a$ = 1). 

Definition 1.17. We denote the projection P™ x M — ► Af by p™. For a smooth 
pair (M, X), define the map 

P r : ■ A P n xX (P" x M) -> A X (M) 

by 

p™(a<g>f) := a„_j • a. 
Here we use the isomorphism A V n. y , x (f n x M) = Ax(M) ® A (m) A{M)[t]/{t n+1 ) 
given by the projective bundle formula, and the canonical A ev (pi)-module structure 
on^x(M). 

Remark 1.18. If we forget supports, the map p™ agrees with the map p" it defined 
in §4.3]. 

Remark 1.19. Since the coefficients a n of w^ are in A ev , p™ is an A.z(M)-module 
map for all closed subsets Z C M (in the sense of definition II. 6( 2)): in particular, 
p" is an A(M)-module map. 
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Remark 1.20. Using the evident modification of the push- forward map p™, we have 
maps 

P^:Axxv^Y{MxV n xN)^A X xY(MxN) 

for smooth pairs (M, X) and (N,Y). Since the basis elements in the projective 
bundle formula are of even degree, wc need not worry about the order of the factors. 

Proposition 1.21. Let A be a Z/2-graded oriented ring cohomology theory. 
(1) For (M, X) a smooth pair, the following diagram commutes 

A PnxPmxX (P n x P m x M) -^4A P n xX (P" x M) 



A rmxX (P m xM) 



p. 



->A X {M) 



(2) Let f : (N,Y) — » (M, X) be a morphism in SP. Then the diagram 

A P n xX (P n x M) -?-> A pnxY (P n x N) 
p" p" 

Aa-(M) ► Ay(AT) 

commutes. 

(3) Let i : P" — ► P" 1 fee a linear closed immersion, (M, X) a smooth pair. Then 
the diagram 

A P „ xX (P n x M) ^4A,™ x x(P m x M) 

p? pr 

A X (M) = A X (M) 

commutes. 

(4) Let i : N —+ M be a closed immersion, X C M, Y C N closed subsets with 
i(Y) C X . Then the diagram 

A VnxY {¥ n x N) ( —^ A P n xX (P" x M) 



p, 



Ph. 



Ay(N) 



+ A X {M) 



commutes. 

(5) Let s : M — > P™ x M fee a section to the projection, and let X a M be a 
closed subset. Then p™ o s* = id^^M)- 

(6) Let X C X' fee closed subsets of M <G Sm/fc. TTien t/ie diagram 

A V n x{x ,\ x) (¥ n x (M\X)) drnxM ' rnxX '' rnxX ) A rnxX {¥ n x M) 



i', 



A X ,\ X (M\X) 



p. 
->Ajc(M) 



ORIENTED COHOMOLOGY 17 

commutes. 

Proof. The proofs of (l)-(3) are exactly as the proofs of the corresponding properties 
in [H §4.5], adding the supports throughout. We give a proof of (4) that is different 
from the approach used in [8j. 

By the projective bundle formula, it suffices to check the commutativity on 
elements of A pnx y(P n x N) of the form t m x a = p n *(t m ) Up^(o), t = ci(Op»(l))- 
Since the Gysin map (id x i)* is a A(W n x M )-module map, we have 

(id x i)*(t m x a) = P n *(t m ) U (id x i)*(p* N (a)) 
= p n *(nu P * M (i*(a))) 
= i m x i*(a), 

the second identity following from proposition II. 13T 5). Thus 

P?((idx*)*(t m xo))=p?(t m x**(o)) 

On the other hand 

?*(p"(£ m x a)) = i»(a„_ m • a) 

the second identity following because £» is an A(M)-mod\Ae map, hence an A(pt)- 
module map. This proves (4). 

For (5), the case without supports (proven in [5, §4.6]) gives in particular the 
identity 

p;(**(i)) = l e A(M) 

where 1 G A(M) is the identity. Now take an arbitrary element a 6 Ax(Af) and 
write p for p n . Using the fact that both s* and p* satisfy the projection formula 
(for i», this is just property (2) of proposition 11.131 and for p™, this is remark [i.l9p . 
we have 

p*(s*(o)) =p*(s*(s*p*(a) U 1)) 
= p*(p*(a)U*„(l)) 

= a Up»(s,(l)) 
= a U 1 = a. 

Finally, (6) follows from the partial Leibniz rule for d, which implies that dx,z',z 
and dpn x xP n x.z'.P n x.z are A(pt)-module maps, together with the naturality of d 
with respect to pull-back. Thus, 

P»(9p» x jf,p»xx',p»xx(t m x a)) =p"(* mu *"xM,p«xX',p«xx(p n *(a))) 

= p n At m Up n *(d M ,x^x(a))) 
= a n -m ■ dM,x\x(a) 
= dM,X',x(a n -m • a) 
= d M ,x',x(p^(t m xa)). 

D 
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Step 3: The general case. Let / : (N, Y) — » (M, X) be a morphism in SP'. 
Factor / : M — » N as / = p o i, with i : JV ^ P" x If a closed immersion, and 
p = p n : P" x M ->■ M the projection. Define /, : A Y {N) -> A X (M) as the 
composition 

A r (iV) i* A pnxX (¥ n x M) ^ A X (M). 

Theorem 1.22. Lei ^4 oe a Jj/2-graded oriented ring cohomology theory on SP. 

(1) For a morphism f : (N,Y) — ► (M, X) m SP , £/ie morphism /* : .Ay(iV) — > 
^4x(-^) rfoes noi depend on the choice of factorization f = p o i. 

(2) for a morphism f = i : (N,Y) -> (M,X) m SP' wf/i i ; N -> M a 
closed immersion, /* agrees with the Gysin morphism defined in Step 1. 
For f — p n : (P™ x M, P"xI)-> (M, X) t/ie projection, /* agrees with the 
map p™ defined in Step 2. 

(3) For a projective morphism f : N — > M, i/ie map /* : -A (AT) — > j4(M ) agrees 
with the map /* defined in [5J §4.7]. 

(4) T/ie assignment [f : (TV, F) -► (M , X)] h^ /„ : A r (7V) -> A X (M) de/mes 
an integration with supports on A (definition \1.6\) . subjected to the given 
orientation on A. 

Proof. The proof of (1) is exactly as in the proof of the analogous result [8j Theorem 
4.7.1], adding the supports where needed. The statement (2) follows directly from 
(1), as we may take n = if / is a closed immersion, and i the identity (and i* = id 
as well) if / = p™. (3) follows from proposition 1 1 . 1 3f 1 ) and remark fl. 181 

For (4), the proofs of (1), (3) and (4) in definition 11.61 are exactly as in the 
proof of [5J Theorem 4.7.1], adding the supports. Definition I1.6f 2) follows from 
proposition II . 13f 2) and remark [1.191 

Dcfinition ll.6f 5) follows from proposition II. 131( 6) . while (6) follows from propo- 
sition |TTT3l(8) and proposition II. 21f 6). Thus, 

[/ : (JV, Y) -» (M, X)] i-» /„ : A Y (N) -> A X {M)\ ^ /. : A Y (N) -> A X (M) 

defines an integration with supports on A. 

To complete the proof, we need only check that the integration with supports 
is subjected to the given orientation, i.e., that for a line bundle p : L —* M with 
zero-section s, the composition 

Ax (M) ii* A P - HX) (L) -C A X (M) 

is cup product with c\(L). By (3) and [8j Theorem 4.1.4], this is the case for 
X = M; in particular 

s*(s*(l))=ci(L)eA(M). 
In general, take a G A X (M). Then 

»*(«*(o)) = a*(*.(«V(o)Ul)) 
= s*(p*(a)Us*(l)) 
= aUs*(s,(l)) 
= aU c\(L), 

as desired. D 
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Proof of theorem l 1 . 1 (A The existence of an integration with supports subjected to 
a given orientation u> on A follows from theorem 1 1.221 For the uniqueness, suppose 
we have two integrations 

(/ : (N,Y) -> (M,X)) ~ flfl : A Y (N) -» A X (M), 

both subjected to the same orientation to. Let loa = (1 + Xm>i o-nt n )dt be the 
normalized invariant one- form for the formal group law Fa- 

By the uniqueness part of 8, Theorem 4.1.4], f} = fl : A(N) ->• A(M). In 
particular, taking q : P™ — » Spec fc to be the structure map, and letting t — 
Ci(0 P n(l))eA(¥ n ), we have 

Now let (M,X) be a smooth pair, take a G Ax(M), and let p : P" x M -v M 
be the projection. Then for z = 1,2, 

P',(rx fl ) = 9 ;(f).fl 



SO p* 



P* 



Next, consider a closed immersion i : JV — ► M in Sm/fc, and let Y C iV, X C M 
be closed subsets with i(Y) C X. Suppose i = idju- Then, by definition 11.6( 5). 



id 



M 



i\\ this reduces us to the case X = i(Y). 



Since At is quasi-projective, we can find a sequence of smooth closed subschemes 

N = iVo C Ni C . . . C N r = M 

such that _/Vi_i is a smooth codimension one subscheme of Ni for i = 1, . . . , r. This 
reduces us to the case of a codimension one closed immersion. 
Consider the deformation to the normal bundle 



AT 



»0 , r II 

> M t i 



-> N x A 1 <- 



M 



iV 



F 



■iFxA'f 
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This gives us the commutative diagram (for j = 1, 2) 



Y. 



A Y (N) ^— A YxA i(N x A 1 ) — ^-> A Y (N) 



A Y (v) <- 



.4 



YxA 1 



(M t ) 



Ay(M). 



It follows easily from the homotopy property for A that the maps «oi*i m the 
upper row are isomorphisms; the maps i$, i* in the lower row are isomorphisms by 
lemma [T. 121 Thus, it suffices to show that s\ = s*. 

Using excision, we can replace v with the P^bundle P(V © On)- Let p : ¥(v © 
Ojv) — > N be the projection. Clearly pi : A Y (F(v Oat)) — * A Y (N) is inverse to 
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si, j 

pl=pl- A y (F(v © N )) -> A Y (N). 

The map pi factors through the "enlarge the support map" 

id* : A Y (F(v © N )) -> A p - HY) {¥{v © O n )) 

hence id* is injective. Thus, it suffices to see that the maps 

p{ : A p - 1{Y) (P(v ®0 N ))^ A y (N) 

are equal. 

We have the extended projective bundle formula [H Corollary 3.3.8]: Let 

a : A Y (N) © A Y (N) -* A p -i {Y) (f(v © N )) 

be the map sending (a, b) to p*(a) + p*(b) U c\{0(\)). Then a is an isomorphism. 

The projection formula implies 

pl(a(a,b)) = aUpl(l n ^o N )) + bUpl(ci(0(l))). 

By the uniqueness part of [H Theorem 4.1.4], 

pI=pI:A(¥(u®O n ))^A(N), 

hence pi (l P („©o N )) = P^(lp(v®o w )) and ^(ci(0(l))) =p^(c 1 (0(l))). Thus, rf = 
p^ : A p -i (Y) (P( v ® On)) ^ A Y (N). 

Since each projective morphism / factors as p o i, the two cases of a projection 
and a closed immersion imply fl = f% for all /, completing the proof. □ 

2. Algebraic oriented cohomology 

Mocanasu [5] has considered a version of oriented cohomology, with somewhat 
different axioms from what we have discussed so far, and has shown that such a 
theory gives rise to a Borel-Moore homology theory on quasi-projective schemes 
(over a fixed base-field k). Shortly speaking, the Borel-Moore homology theory H 
corresponding to an oriented ring cohomology theory A is given by 

H(X):=A X (M) 

for any smooth pair (M,X). The main point is to show that this is independent 
of the choices, both in the smooth "envelope" M for a given X, as well as for 
morphisms F : M — » M' extending a given projective morphism / : X — ► X' . In 
this section, we give a modified version of Mocanasu's notion of an algebraic ori- 
ented theory, and show that the integration with supports defined on an oriented 
ring cohomology theory satisfies the axioms (assuming that the base-field admits 
resolution of singularities). We fix a base-field k and an oriented Z/2-graded ring 
cohomology theory A on SP. We let Schfc denote the category of quasi-projective 
fc-schemes and Sch' fc the subcategory with the same objects, but with only the pro- 
jective morphisms. We will assume throughout this section that k admits resolution 
of singularities. 

Let (M,X), (N,Y) be smooth pairs, and let F : M — > N be a morphism such 
that F(X) C Y and the restriction / : X — > Y of F is projective. Let Cf be the 
category of all dense open immersions j : M — > M, with M s Sm/fc, and extensions 
F : M — > N such that F is projective; a morphism \i : (J : M —* M, F) — * (j' : 
M -y M', F') is a morphism \i : M — > M' with / = p, o j and F' o /j, = F. Note 
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that [i is necessarily projective and birational. Also, since / is projective, j(X) is 
closed in M. 

Lemma 2.1. The category Cf is left filtering, and there is is at most one morphism 
between any two objects. 

Proof. This follows easily from resolution of singularities. Cf is non-empty: since 
M is quasi-projective, the map F factors through a locally closed immersion M — > 
P" x TV. We can close up M in P™ x TV and resolve singularities to construct M, j 
and F. 

Given two objects in Cf, on :— (ji : M — > Mi,Fi : Mi — > TV), a 2 :— (J2 : 
M — ► M2,F2 : A/2 — » TV), resolve the singularities of the closure of (ji,J2)(M) in 
Mi Xfc M2 to construct j'3 : M — ► M3, F3 : M3 — > TV dominating ai and 02- Since 
M is assumed dense in M, there is at most one morphism between any two objects 
of Cf , completing the proof. □ 

Definition 2.2. Let (M,X), (N,Y) be smooth pairs, and let F : M -> TV be a 
morphism such that F(X) C F and the restriction / : X — > Y~ of F is projective. 
Define the push-forward morphism 

F* :A x (M)^A r (TV) 

by taking (j : M — ► M, F : M — >• TV) in C F and setting 

F*:=F*o(j*)-\ 

where j* : A^ X ){M) — > Ax(M) is the excision isomorphism. 

We note that F* is well-defined by lemma l2Jl 

Lemma 2.3. Given composable morphisms F : M — > TV", G : N —> P, and smooth 
pairs (M,X), (N,Y), (U,Z) suppose that F(X) C Y, G(Y) C Z, and that the 
restrictions of F and G, f : X —*Y, g : Y ^ Z , are projective. Then 

G,of, = (Go F)* : A X (M) - A Z (P). 

Proo/. Take ji_: TV -> TV, G : TV -» F in C G , j 2 : M -> M, F j M_^ TV in C F and 
j 3 : M -> M', F' : M' ->• TV in C joi? . Then j 3 o j 2 : M -> M', Gof: M' -» F is in 
CgoF, so 



Since the diagram 



(GoF) m = 


g* f: c 


(il ° is 


F* = F* (,••)"! 


G* = G* (j*)- 1 . 


71 


J3 


if 


it 


1 > A 


I 


F 




F' 


/ 


\T : — > I 


? 



h 
is transverse cartesian, we have (by lemma ll.7[) 

"* 77^' 77* '* 

Ji°F = Foj 3 . 
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Thus 



G* o F* = G* o (j*)- 1 o F* o (Jl)- 1 



n 



Proposition 2.4. Let (M,X), (Af',X') &e smooift pairs, F,G : M -> M' two 

morphisms such that F and G restrict to the same projective morphism f : X — > X'. 
TTien 

F*=G* :Aa-(M)-*^x'(^')- 

Proof. We first reduce to the case of affine M'. Indeed, Jouanolou tells us that 
there is an affine space bundle q : E — > M' with £7 affine. Since -E — » M' is smooth, 
replacing X' with q^ 1 (X'), M with M Xm' E and X with X Xm' E, and using the 
extended homotopy property fremark ll.2f 2')') achieves the reduction. 

Next, we reduce to the case in which M' = A™ for some n. Since M' is 
affine, there a closed immersion i : M' — > A". By remark l"1.14[ the push- forward 



U : Ax'(Af') 



A 



i(X')< 



V 1 ) is an isomorphism, so we may replace (M\ X') with 



l n ,i(X')), and change notation. 
Consider the product map 



(F, G) : M 



Xfe 



Since F and G are both equal to / when restricted to X, we have the commutative 
diagram 



*" 



/ 



->X' 



M- 



(-P.G) 



4A"x A r ' 



where 8 is the diagonal. 
Consider the map 



<p : A 1 x A" x A™ -> A™ x A" 

<?(*, »j y) : = (*i ar, iy + (1 - *)«)• 

For a € fc, let <y9 a : A™ x A" — » A" x A™ be the fiber of tp over a. Note that 
<p o (id x 8) = id x 8 : A 1 x A" -» A 1 x A" x A n . 
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Thus, we may form the commutative diagram of schemes over A 1 

idx/ 



xX 



A 1 x M 



v o[idx (F,G)] 



X X' 



x 1 x A" 

idx S 

x A™ xA 



Let j : A™ — » P™ be the standard open immersion. Since M is quasi-projective, 
there is an open immersion g : U ^-> F N for some iV, and a closed immersion 
i : M — ► [/. Thus, we may factor 99 o [id x (F, G)] as a composition of maps over A 1 

A 1 xM^A 1 xl/xA"xA"iA 1 xP"xA"xA"iA 1 x A" x A", 

with 1 a closed immersion, 7 = id X g x id and <j the projection. Let A4* be the 
closure of 7 o (.(A 1 x M) in A 1 x P w x P™ x A™ and let \x : At — > At* be a resolution 
of singularities of A4*. We note that t\4*, and hence Ai, is naturally a scheme over 
A 1 , and similarly, the map ip o [id X (F, G)] extends to a map 



7T : M -> A 1 x 



xA" 



over A 1 . Since 70i(A 1 x M) is a smooth dense open subscheme of M* , we may take 
M. so that yu : A1 — > .M* is an isomorphism over 70i(A 1 x M); let /i : A 1 x M — > M 
be the resulting open dense immersion. 

This gives us the commutative diagram of schemes over A 1 



x 1 xX 



idx/ 



x X' 



A 1 x A" 



idx S 



A 1 x M 



n i/;o[idx (F,G)] 



> A 1 X A™ X 



n „ An 



7 



p 

A 1 



4A'xP"x A" 
in 



For a £ k, let 7r a : Af a — > P™ x A™ be the fiber of 7r over a. We note that M a 
contains M as an open subscheme, and that ir a extends <p a o [id x (F, G)]. We let 
M a C Ai a be the closure of M in A4 a . Blowing up M. further and changing notation 
if necessary, we may assume that Mq and M\ are smooth. Let to : Mo —> M, 
l\ : M\ — ► At denote the inclusions. 

Noting that c)(A™) is closed in P" x A™, we see that A 1 x S(X') is closed in 
A 1 x r x A". Since id x / : A 1 x X — > A 1 x X' is projective, this implies that 
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h(A x x X) is closed in A4, and h(0 x X), (1 x M) are thus closed and contained in 
Mo C p _1 (0), Mi C p _1 (l), respectively. We have the commutative diagram 



- A h ( A i xX ){M)- 

h* 

A A i xX (A 1 xM) 



■>4 1 (ixx)(Mi) 
K 



A h (0xX)(M )<r 

K 

A X (M) <- 



where io, *i : M — > A 1 x M are the 0-, 1-sections, and ho, hi are the restrictions of 
h. 

By the homotopy property for A, the maps i^i* are isomorphisms and iq = i\. 
The maps h, h^ and /i* are isomorphisms by excision. 

Since h(A x x M) C M is an open neighborhood of /i(A x x X) in .M that is 
smooth over A 1 , we may apply lemma 11.71 to give the commutative diagram 



Ax(M)^ 
K 
A h (oxX)(M ) +- 



A^^A 1 xM) 
h* 

-A h(A i xX )(M)- 



>A X {M) 

K 

^ A hl{lxX) (Mi) 



A S{ x,)(P n x A") <-;— Aa^^A 1 x P" x A") —+ A s{X ')(V n x A") 

Since i\ o {i$)~ l = id (for both the top row and the bottom row), this gives 

^o* o (h*)- 1 = TTi* o (hi)- 1 : A X (M) -f A apn (P" x A"). 
Composing with the push- forward for the projection p 2 : P" x A™ — + A", we have 
(2.1) P2 * o tt * o (Z^*)- 1 = pa, o 7Ti* o (fo*)- 1 : A* (M) -» A*' (A"). 

Since 

p 2 o ip o [id x (F, G)] oi Q = F, p 2 o if o [id x (F, G)] o i x = G, 
we have commutative diagrams 



M F > . 



M—^. 



p 2 oir 



p 2 °Tl 



Hi 

M Mi 

Thus, (ho ■ M — ► Mq,P2 o ttq) is in Cp and (/ii : M — ► Mo,j»2 ° 7Ti) is in Cg, hence 

F* = (pa otto)* ° (fro) -1 

G* = (p 2 o 7Ti)* o o(/Iq) _1 . 

Together with iJgTTj) . this gives F* = G*. D 

Lemma 2.5. Lei F : M —t N be a morphism in Sm/fc, (M, X), (N,Y) smooth 
pairs. Suppose that F(X) = Y and that the restriction of F to f : X — > Y is an 
isomorphism (using the reduced scheme structures). Then F* : Ax(M) — ► Ay(N) 
is an isomorphism. 
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Proof. Extending F to F : M —* N for some (M <—> M,F) in Cf, and changing 
notation, we may assume that F is projective. Factoring F as F — p o j, with 
p : P" x A" — > AT the projection and iiM-tTxMa closed immersion, it suffices 
to handle the two cases F = i and F = p. 

For F = i, this is remark H. 141 In the case of a projection, let s : Y — > P™ x iV be 
the section induced by the isomorphism p : AT — > Y. Suppose we have an extension 
of s to a section t : N — > P" x AT. Letting M := £(A/"), with closed immersion 
i : M — > P" x AT, we have the commutative diagram 



x AT) 




Aspoi : (M, A") — ► (iV, y) is an isomorphism of smooth pairs, the map (poi), : 
Ay (M) — ► Ay(A^) is an isomorphism. From the case of a closed immersion, i» : 
A X {M) -> A X (P™ x AT) is also an isomorphism, hence p* : A X (P™ xJV)^ Ay(AT) 
is an isomorphism as well. 

We claim that A^ admits a Zariski open cover 

such that the restriction of s to Ui fl Y extends to a section ti : Ui — > P™ x L^. Using 
Mayer- Vietoris and the case in which a section extends, handled above, this will 
prove the result in general. To prove our claim, let y be a point of Y. Shrinking 
A^ to some affine neighborhood U of y, we may assume that s(Y) is contained in 
a product A" x N, where A™ is some standard affine subset of P™. The map s is 
then given by a morphism s : Y — > A n , i.e., by n regular functions s\, . . . ,s n on Y. 
As U is affine, each Si lifts to a regular function ti on U, giving the desired section 
t:U^A n xUc¥ n xU extending s. □ 

We can also extend the compatibility of push-forward with the boundary in the 
long exact sequence of a pair (definition II. 6f 5)) 

Lemma 2.6. Let F : M — » N be a morphism in Sm/k, let X C X' C M, 
Y a Y' <Z N be closed subsets. Suppose that F(X') C Y' , that the restriction of F 
to f : X 1 — > Y' is projective and that f^ 1 {Y) n X' = X. Then the diagram 

A X ,\ X {M \ X) 9m ' x '' x > A X (M) 
A Y ,\ Y (N \ Y) — > A Y (N) 

"N ,Y' ,Y 

commutes. 

Proof. Just take M ->■ M,F : M -> N inCf and apply definition ITT6T5). D 

We give a modified version of Mocanasu's notion of an algebraic oriented theory 
on SP. In what follows, for (M,X) a smooth pair, we consider X as a scheme by 
given it the reduced structure. 

Definition 2.7. An algebraic oriented theory on SP consists of the following data: 
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(Dl) A functor A : SP op -► Ab. For a morphism G : (M,X) -* (N,Y) in SP, 
we write G* : A Y (N) -> A X (M) for A(G). 

(D2) Let (M,X), (A,Y) be smooth pairs, let F : M -> A be a morphism 
such that F(X) C Y and such that the restriction of F to / : A — > Y is 
projective. Then there is a "push-forward" F* : Ax(M) — ► Ay (A'). 

These satisfy: 

(Al) A is additive: For I.Ye Sm/fc, the canonical map A(A II Y) -* A(X) x 
A(Y) is an isomorphism. 

(A2) i. Let (M,X), (N,Y) be smooth pairs, let F, G : M -> A be mor- 
phisms in Sm/fc such that -F(X) C F, G(X) C Y and such that F 
and G restrict to the same projective morphism / : X — > Y". Then 
F*=G*:A x (M)-.A r (A). 

ii. Let (M, A), (A, Y) be smooth pairs, let F : M — > A be a morphism 
such that F(X) c Y and such that the restriction of F to / : A — > Y is an 
isomorphism. Then F* : Ax(M) — > Ay (A) is an isomorphism. 

(A3) Given smooth pairs (Mi, Ai), (M2, A2) and (M3, A3) and a commutative 
diagram 



A x 



Mi 



->X 



h 



X 



->M 2 



4 A. 



A ! 



^M, 



Ft ' F 2 

such that /1 and / 2 are projective, then F 2 * o Fi* = (F 2 0^),. 

(A4) Suppose we have smooth pairs (M, A), (M', A'), (A, Y) and (A', Y'), and 
a commutative diagram 




>Y' 



>N' 



such that the top, bottom, left and right squares are cartesian, and that the 
bottom square is transverse. Suppose further that / and /' are projective. 
Finally, suppose that G and G' are either smooth and equi-dimensional, or 
closed immersions. Then 



Fi o G'* =G*oFi: A X (M) -> A Y ,{N'). 
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(A5) Let (M,X), (N,X), (M',X) and {N',X') be smooth pairs. Suppose we 
have a cartesian diagram 



M — ^4 M' 




with X = G^iX'), X = F- l {X'), G'{X) = X, F'(A) = X and such that 
the restrictions G" : X — > X, F' : X — > X are the identity. Suppose that F 
and G are open immersions. We have the diagram 



G' 



A X (M) UA X (M') 



F' 



F" 



A X (N)<-—A X ,(N'); 

note that G* and Fl are isomorphisms by (A2)(ii). Then 

(g'j- 1 of* = (f:)- 1 og*. 

(A6) Let 

z c s-y 




be a cartesian diagram, where the horizontal arrows are inclusions of re- 
duced closed subschemes, and p : V — > X is an affine space bundle. Then 
p* : A Z '(X) — > A Z {V) is an isomorphism. 

(A7) Let (A, Z) be a smooth pair. Then idx* : Az(X) —* Az(X) is the identity 
map. 

(A8) Let X C y C M be closed subsets of M E Sm/fc. Then 



id 



M* 



id 



,1/ 



Ax(M) ->■ Ay(Af)- 



Remarks 2.8. Other than notational or organizational changes, our axioms for an 
oriented algebraic theory differ from Mocanasu's notion Definition 1.15] of an 
oriented algebraic theory at the following points: 

1. Mocanasu's axiom (A4) differs from ours in that she does not assume that the 
bottom square is cartesian, and does not require the bottom square to be trans- 
verse if G and G" are closed immersions. However, in all uses of (A4) in [5], the 
bottom square is transverse cartesian, so this does not lead to any difference in the 
applications. 

2. Mocanasu's axiom (A5) differs from ours in that she allows the morphisms 
F and G to be smooth and equi-dimensional, rather than requiring them to be 
open immersions. This causes a difference in the associated Borel-Moore homol- 
ogy theories, in that our Borel-Moore homology theories will only have functorial 
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pull-back morphisms for open immersions, whereas the Borcl-Moore homology the- 
ories of Mocanasu have functorial pull-back morphisms for smooth equi-dimcnsional 
morphisms that are "embeddable" . 

3. We have strengthened the homotopy axiom (A6) from that of [5], by allow- 
ing V to be an affine space bundle rather than a vector bundle. 

4. We have added the axiom (A8), which appears as an additional condition on an 
algebraic oriented theory in the statement of [SJ Proposition 4.2]. 

Theorem 2.9. Suppose that k admits resolution of singularities. Let A be an 
oriented Z/2-graded ring cohomology theory on SP. Then the functor A : SP op — > 
Ab (forget the Z/2- grading) and the push-forward maps of definition ] 2. 2\ define an 
algebraic oriented theory on SP. 

Proof. We are using the integration with supports on A given by theorem 11.101 
The axiom (Al) follows from Mayer- Vietoris. (A2)(i) is proposition ^. 4[ (A2)(ii) is 
lemma 12.51 and (A3) is lemma 12.31 (A4) follows from lemma 11.71 and (A6) follows 
from the homotopy property for A together with Mayer- Vietoris, (A7) follows from 
(A8) and (A8) is definition 11.6( 4). The axiom (A5) follows from the functoriality 
of pull-back, together with the identities 

[G'*)- l =G'*, (Fl)- l =F>*. 

□ 

3. Oriented duality theories 

We describe an analog of Bloch-Ogus twisted duality theory 1] for oriented 
cohomology. As in the previous section, we will assume that the base-field k admits 
resolution of singularities, although this assumption is not needed for definition 13. II 

Definition 3.1. An oriented duality theory (H,A) on Sch^ consists of 

(Dl) A functor H : Sch' & -> Gr z/2 Ab. 

(D2) A Z/2-graded oriented ring cohomology theory A on SP. 
(D3) For each open immersion j : Y — » X in Sch^, a map j* : H(X) —> H{Y). 
(D4) i. For each smooth pair (M,X), and each morphism / : Y — ► M in Sch^, 
a graded cap product map 

/* (-)n : A X {M) ® H(Y) -» H(Y n f~HX)). 

ii. For X, Y 6 Schfe, a graded external product 

x : H(X) ® H(Y) -» H(X x Y). 

(D5) For each smooth pair (M, X), an isomorphism 

a M ,x : H(X) - A X (M). 

(D6) For X E Sch/j and for Y C X a closed subset, a degree 1 map 

d x .Y ■ H(X \ Y) -> H(Y). 

We let [F : (M, X) -» (N,Y)} in SP' ^ F* : A X {M) -> A Y {N) be the integration 
with supports on A subjected to the given orientation. The data (D1)-(D6) satisfy 
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(Al) Let (M,X), {N,Y) be smooth pairs, and let j : M — *■ N be an open 
immersion with j (Y) = X. Let jy '• X —* Y be the restriction of j. 
Then the diagram 

H(Y)^-^Ay(A) 

JY 

commutes. 
(A2) Let (M,X), (N,Y) be smooth pairs, let / : X — > Y be a projective mor- 
phism in Schfe, and suppose / extends to a projective morphism F : M — > 
iV. Then the diagram 

#(A)^^Ux(M) 

/. 

commutes. 
(A3) Let (M,X) and (iV,F) be smooth pairs. 

i. let F : N — ► M be a morphism in Sm/fc, and let / : Y — > M be the 
restriction of F. Let 

F*(-)U : ^(M) ® A y (JV) -> i4 yn/ -i (JC) (JV) 

be the map a 6 »-> F*(x) U y, with F* : A X (M) -> A f -i( X )(N) the 
pull-back. Then the diagram 

id®aiv v 

A X {M) <g> H(Y) '-> A X (M) ® A Y (N) 



/*(-)n 



F*(-)U 



iJ 



(Y n Z- 1 ^)) ;— > A yn/ _i W (JV) 



commutes. 

ii. The diagram 



H(X)®H(Y) 



H(X x Y) 



&Ai",xQsia;v,Y 



Qmxjv.xxy 



A X (M) <g> A F (A) — — > i X xy(M x N) 

commutes. 
(A4) Let (M, X) be a smooth pair and let Y C A be a closed subset. Then the 
diagram 

~*M\Y,X\Y 



H(X\Y) 



-+A X \ Y (M\Y) 



H(Y) 



&M,Y 



-*A Y (M) 
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commutes. 

The functor H together with the additional structures (D2)-(D6) is the oriented 
Borel-Moore homology theory underlying the oriented duality theory. 

Remark 3.2. Oriented duality theories on Sch/j form a category, in the evident man- 
ner. Given a Z/2-graded oriented ring cohomology theory on SP, an extension of A 
to an oriented duality theory on Sch^ is a oriented duality theory (H, A') together 
with an isomorphism A = A' of Z/2-graded oriented ring cohomology theories on 
SP. Clearly, two extensions {Hi, Ax) and (H 2 ,A 2 ) of A are uniquely isomorphic 
as extensions of A: the only possible choice of isomorphism Hi = H 2 compatible 

with the given isomorphisms Ai — > A < — A 2 is given by the isomorphisms 

a 1 2 

H X (X) M ' x » A X (M) < M ' x # 2 (X) 
for any choice of smooth pair (M, X). 

Remark 3.3. One has as well the Z- graded or bi-graded versions of oriented duality 
theories. For the graded version, one typically uses homological grading on H, so 
that the comparison isomorphisms a are of the form 

a M ,x : H n (X) - A™- n (M) 

where d = dinifc M (by additivity, we may assume that M is equi-dimensional over 
k). Using remark [L5l the projective push- forward map /* preserve the grading, as 
do the pull-back maps for open immersions. The cap products become 

A%(M) ® H n (Y) ^^ H n _ m (Y n r\X)). 

In the bi-graded case, we index H to give comparison isomorphisms 

a M ,x : H M (X) -> A™- p ' d - q {M) 

The second index in the bi-grading plays the role of the "weight" in the classical 
Bloch-Ogus theory. The projective push-forward and open pull-back preserve the 
bi-grading, and the cap products are 

AY\M) ® H Ptq (Y) £^\ H p _ m , q _ n (Y n f- l (X)). 

Theorem 3.4. Suppose that k admits resolution of singularities. Let A be an ori- 
ented "L/2-graded ring cohomology theory on SP. Then there is a unique extension 
of A to an oriented duality theory (H, A) on Sch^ . 

Proof. We have already discussed the uniqueness. The existence follows from the 
results of [51 §2.1], with some minor modifications. We give a sketch of the construc- 
tion for the reader's convenience, refering to [5J for details. We will use throughout 
theorem 12.91 that an oriented Z/2-graded ring cohomology theory defines an ori- 
ented algebraic cohomology theory. 

Call morphisms F, G : (M, X) — > (N,Y) in SP' equivalent if F and G induce 
the same morphism X — » Y, and let SP' be the quotient of SP' by this equivalence 
relation. 

We have the restriction functor res : SP' — > Sch' fc , sending (M,X) to X and 
[F] : (M, X) -► (N, Y) to the restriction F\ x : X -> Y. We let HSP' be the 

category formed from SP by inverting all morphisms over an isomorphism in Sch fe . 
For each X in Sch fc , the fiber of res over X is a left-filtering category with at most 
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one morphism between any two objects, so the induced map res : 7iSP — ► Sch fc is 
an equivalence of categories. 

By definition 0;A2,A3,A7), sending (M,X) to A X (M) and F : (M,X) -> 
(N,Y) in SP' to F* : A X (M) -> A Y (N) descends to a well-defined functor 

A_(-):HSP'^Gr m Ab. 

Since res : 7YSP' — > SchJ. is an equivalence, this gives us the functor H : SchJ, — > 
Gr z / 2 Ab and the natural isomorphisms 

a M ,x ■ H(X) ^ A X (M) 

satisfying axiom (A2). 

To define the pull-back map j* : H(X) — > H(Y) associated to an open immersion 
j : Y — > X, choose a smooth pair (M, A). It is easy to see that there is a smooth pair 
(N,Y) and an open immersion j : N — > M extending j. Let j* : H(X) — » H{Y) 
be the unique map making the diagram 

H{X)^^A X {M) 



H(Y)^^A Y (N) 

commute. 

To verify (Al), let (Af, A), (A', 7) be smooth pairs, and let g : N' -> M' be an 
open immersion extending j. We have the commutative diagram 



A' x A -— U N' x M 



gxid 



y c > M' X A r> M' X M 

idxj 




By definition 12. 7f A5). we have 

((g x id),)- 1 o (id x j)* = ((id x j,)- 1 o (g x id)' 
From the commutative diagram 



in 



r c > A' x M > N' 



gxid 



A C > M' x M — — > M' 

and definition 12 . 7f A4) . we have 

pu °{g x id)* =.g* op u . 
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Similarly, the commutative diagram 



Y c > M' x N > N 



ffXid 



X c > M' x M > M 



gives 

p 2 « o (id x j)* = j* op 2 , 
Thus, we have the commutative diagrams 



H(Y) 




A Y {M'xN)-^A Y {N) 



(idxj)* 



A X (M' x M) -^-> A X (M) 



#(*) — 




and 



H(Y) 



H(Y) 



S^N' XN ,Y 



X N' xM,Y 



A Y (N' x N) — J -k A Y (N' x M) 



(ffXid)* 



(gxid)* 



H(Y) > A Y (M' x N) i A Y (M' x M) 

y ' « M 'xiv,/ V ^(idxj)* V 




-H(X) 



H(Y) 




A Y (M' x N) — r — ► A Y (N') 



(sxid)* 



A X (M' x M) -^-4 Ax(M') 



H(X) 
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Thus, the diagram 



4 Ay (AT') 



H(Y) 



H(X)^ rT ^A x (M') 



commutes, as desired. 

To define the cap product pairing (D4)(i) for a smooth pair (M, X) and a mor- 
phism / : Y — > M wth f(Y) C X, choose a smooth pair (N, i : Y — > N) and embed 
Y in N x M by (i, /). Let /*(— )fl be the unique morphism making 



A X (M) <g> H(Y) -4 Ax(M) Ay (TV x M) 



/*(-)n 



P2(-)U 



#(Y n/" 1 ^))— -^ A F 1(X) (TV x M) 

commute. If we have another smooth pair (N',i' : Y — ► AT') and morphism G : 
TV' — > M extending /, consider the commutative diagram 

(i',G) 

TV' * AT' x M 

XGop 2 

M 
We embed Y in AT' x M by (i',f). The projection formula gives, for fe G Ay (A/"'), 

se4(M), 

(*', G),(G*(o) U b) = (*', G),((*', G)*p5(o) U 6) - rf(o) U (*', G),(&), 

so we can replace (i' : Y -► TV',G : N' -* M) with ((i', /) : Y -> A/'' x M,p 2 ). 
Similarly we have the embedding (i',i,f) :Y — > AT' x TV x M and for a 6 Ax(M), 

6 e Ay(TV' xJVx M), we have 



N'NM/N'NM* 



N'M*/ 



N'NMi 



pKfK" M4 («)u5)^;*(«) u*«m 



N'NM/N'NM* 



N'NM i 



Pnm* (Pm (a)U0)=p M (a)UpjvM* W- 

Here p^m M is the projection N'xNxM^>Nx M, etc. The commutativity in 
(A3) follows from these idcntitites. 

For the external product (D4)(ii), we fix as above smooth pairs (M, AT), (TV, V) 
and define x : H(X) eg) H(Y) — ► _ff (A" x Y) as the unique map making 



#(X) <g> #(y) 



->#(X x Y) 



ttM.XQS'aTV,!' 



flMxN.xxy 



i4x(M) 0^y(7V) ^y x y(M x TV) 



:si 
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commute. If we have other smooth pairs (M',X), (N',Y), consider the diagram 

A X (M x M') ® A Y (N x N') -^— > A XxY {M x M' x N x N') 



pi»®pi» 



P13« 



-*A Xx y{M x N) 



Ax{M)®A Y {N) 

By remark ll.8[ this diagram commutes. Using the similar diagram with M', N' 
replacing M, N in the bottom row verifies (A3)(ii). 

Finally, for (A4), choose a smooth pair (M, X), and let dx,Y be the unique map 
making 

*m\y,x\y 



H(X\Y) 



H(Y) 



^A X \ Y (M\Y) 



-> A Y {M) 



commute. If we have another smooth pair (M',X), we have as well the smooth 
pair (M x M',X) and commutative diagram 

A X \ Y (M \ Y) ^- A X \ Y (M x M' \ Y) _^-> A X \ Y (M' \ Y) 



A Y {M)<- 



V\> 



y MxM' ,X,Y 



A Y (M x M') 



-*A Y {M') 



(see lemma I2.6P from which (A4) follows directly. 



□ 



Of course, the role of the Borel-Moore homology theory H in an oriented duality 
theory is just to say that certain properties of cohomology with supports Ax(M) 
depend only on X, not on the choice of smooth pair (M, X). Besides the properties 
given by the axiomatics (projective push-forward, open pull-back, cup products and 
boundary map) one has the following properties and structures: 

Functoriality of open pull-back, cap products and external products. For j : U —>V, 
g : V — * X open immersions in Sch^, we have 

j*og* = (goj)*:H(X)^H(U) 

and id^- = iduix) ■ This follows from the functoriality of open pull-back for the 
oriented ring cohomology theory A, using (Al) to compare. 
For the cap products, we have three functorialities: 

(1) Take X, Y G Schfc, M e Sm/fc, a smooth pair (N,X) and morphisms 
/ : Y -> M, g : M -» N, . Then 

(Sfo/)*(a)n6 = /*(flf*(a))n6 

for a € A X (N), b e H(Y), with g* : A X (N) -> A g -i {X )(M) the pull-back. 

(2) Let h : Y — > Z be a projective morphism in Schfe, (M,X) a smooth pair, 
and / : Z —> M a morphism. Then 

K{{foh)*(a)nb) = f*{a)nh,(b). 
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(3) Let j : U — > Y be an open immersion in Schfc, and let (M, X) be a smooth 
pair, and let / : Y —* M be a morphism. Then 

j*(f*(a)nb) = ((foj)*(a)nf(b) 

ioTaeAx(M), beH(Y). 

The first and third identities follow from the naturality of cup product with respect 
to pull-back, and the second from the projection formula. Finally, the fact that 
pull-back is a ring homomorhism yields the identity 

/*(oU6)nc = /*(o)n(/*(6)nc) 

for a, b e A X {M), ceH(Y). 

The external products are functorial for push-forward: For projective morphisms 
/ : X -> X', g : Y -> Y', we have 

(/ x g)*(a x b) = /*(a) x #*(&) e #(X' x F'); a € #(X), 6 e H{Y). 

This follows from remark IT~8l 

Long exact sequence of a pair and Mayer- Vietoris. Let i : Y — ► X be a closed subset 

of X 6 Sch/;. and let J : U — ► X be the open complement. Then the sequence 

. . . -> #([/) -^+ iJ(F) ^ iJ(X) ^C JET(C0 -» • • • 

is exact. Indeed, we use (Al), (A2) and (A4) to compare with the long exact 
sequence of the triple (M, X, Y), having chosen a smooth pair (M, X). 

If we have an open cover of some X e Sch^, X — U UV, the exact sequence of 
a pair gives formally the long exact Mayer- Vietoris sequence 

. . . _» H{X) S&&1 H(U) e H{V) ^z^h H(U n V) ^^ H(UDV)^... 

The localization sequence is natural with respect to pull-back by open immersions 
and by push-forward with respect to projective morphisms. 

Proposition 3.5. Let (H, A) be an oriented duality theory. 

1. LetY CY' CX be closed subsets of X e Sch fe . Let U = X \Y , U' = X \ Y', 
with inclusions j : U' — ► U and i : Y — > Y' . Then the diagram 

dx Y 

H a , b (U) '^H a _ lib (Y) 

j* 
H a , b (U') -— > H a _ x>b {Y') 

commutes. 

2. Let f : X' — > X be a projective morphism in Schfc, let Y C X be a closed subset, 
let V = / _1 (y), U = X\Y,U' = X'\Y', and let fr : U' -» U , f Y : Y' -> Y be 
the respective restrictions of f . Then fu is projective and the diagram 

H a , b {U') ^H a _ x , b (Y') 



fu, 



Iy, 



H a>b (U) — — > H a _ ltb (Y) 



:;<; 
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commutes. 

Proof. For (1), take a closed immersion X — > M with M e Sm/fc. Let JV = M\Y, 
N' = M\ Y'. The identity map on M gives the map in SP, (M , Y') -> (M,Y), 
and the inclusion N' — > A" gives the map (JV, [/) — > (AT', [/'); these arise from the 
map of triples (M, X, Y) — ► (M, X, Y 7 ). Via the comparison isomorphisms a**, the 
diagram in (1) is isomorphic to 



E™(N) 



9m, 



E 



P+1,9 
Y 



(M) 



id* 



££«(#')_— ►Spj-^M) 



J XiY f 



(def- 



The commutativity of this diagram follows directly from the naturality of d* 
mition fOT l)) and the construction of the long exact sequence of a triple. 

A similar argument proves (2). Indeed, take a closed immersion X — > M with 
M € Sm/fc. Since / : X' — > X is projective, we can factor / as a closed immersion 
i : X' — > AT x P™ followed by the projection XxP^ X. This gives us the closed 
immersion X' — y M X P™ and the projection M x P™ — ► M extends /, giving us 
the map (M x P™, X') — * M,X) in SP'. Using the naturality of 9** described in 
definition [L6j6) completes the proof. □ 



Pull-back by a smooth projection. Although it appears that smooth pull-back de- 
pends on the choice of smooth pair, one does have a well defined pull-back 



p* : H(X) -► H(X x F) 



for F e Sm/fc. 



Lemma 3.6. For F G Sm/fc, X e Schfe, let p : X x F —* F be the projection. 
Then there is a pull-back map p* : H(X) — > H(X x F ) such that, for each smooth 
pair (M,X), the diagram 



H(X) 



H(X x F) 



&MXF,XXF 



^A X (M) 



>A XxF (MxF) 



commutes. 



Proof. Of course, we define p* : H(X) — » H(X x F) to be the unique map making 
the above diagram commute, for one fixed choice (M, X) of a smooth pair. 

Let (AT, X) be another smooth pair. We have the cartesian transverse diagram 



N x F <-^- M x N x F -^ M x F 



A^^- 



7T12 

M xN ■ 



->M 
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where the maps are the respective projections. This gives us the commutative 
diagram 

A XxF (N x F) 4^±_ A Xx f{M x N x F) -^i* A XxF (M x F) 



i 



v 



A X (N) < — A X (M x N) — > A X (M) 

which gives the desired commutativity. D 

The cap product is also natural with respect to this pull-back, and we have 

Pu ° J = U x ld ) °P 

for an open immersion j : U — > X, where pjj '■ U x F — > U is the projection. Finally, 
for g : V — -> .F an open immersion in Sm/fc, let py : J x ^ -> X be the projection. 
Then 

Py = (id xg)* op*- 

Homotopy invariance. Let p : A" x X —>■ X be the projection. Then 

p* : H(X) -► ff(A n x X) 

is an isomorphism. This follows directly from the homotopy invariance of A, to- 
gether with the existence of the well-defined pull-back p*. 

Chern class operators. Let E — ► X be a vector bundle of rank r on some X £ Sch^. 
X is quasi-projective, so choose a closed immersion z : X — » [/, with C7 C P™ an open 
subscheme. This gives us the very ample line bundle O x (X) on X . For m >> 0, the 
vector bundle E(m) is generated by global sections; a choice of generating sections 
sq,. .. ,sm gives a morphism / : X — > Grass(M, r) with /*(£ , M,r) — E(m), where 
£M,r - * Grass(M, r) is the universal bundle. Thus, we have the locally closed im- 
mersion (i,f) :I^P"x Grass(M,r) with (i,f)*(0(-m) ME M ,r) = E; choosing 
an open subscheme V C P" x Grass(M, r) such that (i, /) : X — > V is a closed im- 
mersion, we have a smooth pair (V, X) and a vector bundle £ on V which restricts 
to £ on X. Define the Chern class operator 

c p (L) : H(X) -» H(X) 

by setting c p (L)(b) := (i, f)*(c p (£)) n 6. 

One needs to check that c p (E) is independent of the choices we have made. This 
follows from 

Proposition 3.7 ( 5] §3.2, Lemma]). For X G Schk, the pull-back of locally free 
sheaves induces an isomorphism 

K Q (X) -» km K Q (V). 

f:X^VeSm/k 

Now, suppose we have two smooth pairs (M, X) and (N, X), with vector bundles 
Em on M, En on N, restricting to E on X. By the proposition, there is a V £ 
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Sm/fc, a vector bundle Ey on V and a commutative diagram 

TV 
iN / 

x^ — >v 

g 

M 

such that [Ey] = [f*Ejf] = [g*Ej^\ e K (V). In particular, this implies that 
c P (E v ) = f*(cp(E N )) = ff *(c p (£ M )) in A(F), and thus 

»k(cp(E M )) n (-) = i%(c p (E N )) n (-) : F(F) - F(F). 

Proposition 13.71 gives 

Lemma 3.8. Let E,E' be vector bundles on X G Schfc. TTien /or a/Z p, q, the 
Chern class operators c p (E),c q (E') commute. For p > 1, c p (E) is nilpotent, &o(E) 
is the identity operator and c p (E) = for p > rank E. 

Indeed, these properties for the Chern classes c p (E) € A(V), V € Sm/fc, follow 
from P Theorem 3.6.2]. 

Similarly, one has the Whitney product formula for the total Chern class oper- 
ator. Let c(E) = J2 p =o E c P (E). 

Lemma 3.9. Let — ► E' — > E — > E" -^ be an exact sequence of vector bundles 
on X G Schfc. Then 

5(E) = c(E') o c(E") = c(E") o c(E'). 

Indeed, this follows from proposition 13.71 plus the Whitney product formula for 
the total Chern class c(E) := Y^ P =o c p(E) G A ev (V), for E — > V a vector bundle, 
V e Sm/fc (see [SJ Theorem 3.6.2]). 

The same reasoning shows that the formal group law for A extends to H: 

Lemma 3.10. Let L,M be line bundles on X € Sch^. Then 

F A (5 x (L),ci(M)) = c x (L®M). 

The properties of the cap product with respect to pull-back and push-forward 
give 

(1) Let / : Y — > X be a projective morphism in Schfc, U^Ia vector bundle. 
Then 

f*oc p (f*E)=c p (E)of t 

(2) Let j : U — > X be an open immersion, p : X x F — » X a projection, with 
F € Sm/fc. Then for 25 — » X a vector bundle, we have 

j* oc(E) = c(j*E) of; p* oc(E) = c(p*E) op*. 

Finally, the projective bundle formula with supports (remark II . 15f> and the cap 
products give the projective bundle formula for H: For X e Sch^, let p : P" x X — > 
X the projection, and let 

Oi : H(X) -> #(P rl x X) 
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be the composition ci(0(l)) 1 op*. Then 

n 

J2 ^ : H(X) n+1 -> H(F n x X) 

i=0 

is an isomorphism. 

4. Algebraic cobordism 

We want to consider the two varieties of algebraic cobordism: the bi-graded 
theory MGL*'* represented by the algebraic Thorn complex MGL € SH(k), and 
the theory f2„, the universal oriented Borel-Moore homology theory on Schfc (in the 
sense of [H Definition 5.1.2]). As above, we will assume that k admits resolution 
of singularities. For the basic definitions and notions of motivic homotopy theory 
used below, we refer the reader to [3J [TO] . 

The Thorn complex MGL is constructed from the Thorn spaces of the universal 
bundles E n -» BGL n , MGL„ := Th(E n ) := E n /(E n \ ObglJ, 

MGL := (pt, MGLi, MGL 2 , . . .). 

The bonding maps are given via the inclusions i n : BGL„ — ► BGL„ + i, noting that 
i* n (E n+ i ) = E n Obgl„ , and thus we have 

Z t Th{E n ) £ Th(E n ObglJ = Th(i* n E n+1 ) -^ Th(E n+1 ). 

We recall from [3 3.8.7] the orientation on MGL*'*. First of all, MGL*'* is a 
bi-graded ring cohomology theory on SP, with 

MGL^(M) := Hom 5W(fc) (S t 00 M/(M \ X), E P ' ? MGL). 

The ring structure is given by the canonical lifting of MGL to a ring object in the 
category of symmetric T-spectra (see e.g. [9]). The orientation is given by a Thorn 
structure and Panin's theorem [8l Theorem 3.7.4], which associates an orientation 
to a ring cohomology theory with a Thorn structure. The Thorn structure is induced 
by choosing a Thorn class on the universal Thorn space Th{Ov°° (1)), which we now 
describe. Since P°° = BGLi, and Opoo(l) is the universal bundle on BGLi, the 
Thorn space 

Th{O r - (1)) := P = (l)/(0 P oo (1) \ P°°) 

is by definition equal to MGLi. The identity map on T7i(Ojpoo (1)) thus extends 
canonically to a map 

l : SJ , °r/i(Opo=(l)) -> E t MGL = S 2 ' X MGL 

giving the universal Thorn class [t] 6 MGL poc (Opoo(l)). If now L — » M is a line 
bundle on some M G Sm/fc, Jouanoulou's trick gives us an affine space bundle 
p : M' -»• M with M' affine. We replace L ->• M with V -> M', giving the A 1 
weak equivalence Th(j>) : Th(L') — > Th(L), and thus, the isomorphism 

Th(p)* : mgl;;(l) ^ MGL^(L'). 

As M' is affine, L' is generated by global sections, so there is a morphism / : M' —> 
P°° with L' = J*(0 P o=(l)). One defines 

th(L) eMGL^(I) 

aS th(L) = (Th(p)*)- 1 o /*([,}). 



ill 
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Proposition 4.1. Let k be a field admitting resolution of singularities. Then there 
is a unique bi-graded oriented duality theory (MGL, „, MGL*'*) such that the orien- 
tation on MGL*'* is the one with associated Thorn structure given by the universal 
Thorn, class [i] G MGL p ' oc (Opoo (1)). 

We use the notation MGL',, „ to distinguish the Borel-Moore homology theory 
from the homology theory 

MGL p , g (X) := Hom 5W(fe) (^' 9 ,MGL A £?>*+)■ 

Proof. Indeed, the Thorn class assignment L i— > th(L) G MGL^*(i) described 
above is shown to give a Thorn structure on MGL*'* in e.g. [9]. Panin's theorem 
[HI Theorem 3.7.4] gives the associated orientation for MGL*'*, and we may apply 
the bi-graded version of theorem 13.41 to complete the proof. □ 

We now turn to the "geometric" theory £7*. In spite of the terminology, f2» does 
not satisfy all the properties of the underlying Borel-Moore homology theory of 
a Z-graded oriented duality theory: instead of the long exact sequence of a pair 
i : Y — > X, one has a right-exact sequence 



n„(y) -^ n n (x) *-* n n (x \y) 



o. 



In any case, $7* does act as if it were at least part of a universal theory. Given 
a functor 

H* t * : Sch' fc -» bi-GrAb 

and an X G Schfe, we let H 2 * *(X) — ® n ff2m,n(^), giving the functor 

#2*,* : Sch' fe -> GrAb. 

Proposition 4.2. Let k be a field admitting resolution of singularities, and let 
(H, A) be a bi-graded oriented duality theory. Then there is a unique natural trans- 
formation 

"3h ■ "* —> #2*,* 
GrAb, satisfying 
X be an open immersion in Sch^. 



of functors Sch fc 
(1) Let j : U 



Then the diagram 



Q*{X) 



n*(U) 



■Oh(X) 



H 2 ^{X) 



■Bh(X) 



>H 2 ^{U) 



commutes. 
(2) Let f : M 



N be a morphism in Sm/fc, djy = dim^ N, dja = dim*, M, 



d = codim/ := d 



N 



l-M- 



Then the diagram 



SIJN) > A2d N -2* 



r 
n-d(M) 



QA/,J\/01?ff(M) 



_^ ^2djv 



-2*, 



*(N) 



"(M) 



commutes. 
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(3) Let L — > X be a line bundle on some X 6 Sch&. Then the diagram 



cx{V) 



ci(L) 



fi*-lPO — — > F 2 *-2,*-lP0 

commutes. 

(4) for M 6 Sm/fc o/ dimension dpi over fc, set ft n (M) :— f2d M _ n (Af). TTien 
t/ie map Q-m.m °"&h '■ £l*(M) — > A '*(-M) is a homomorphism of graded 
rings. 

Proof. We let L* denote the Lazard ring, that is, the coefficient ring of the universal 
rank one commutative formal group law, 

Fjl(u, u) := u + u + 2_. a ij ulvJ 

L is generated as a commutative Z-algebra by the coefficients Sy , and we give L the 
grading with deg(ay) = i + j — 1. We use the construction of f2* as the universal 
"oriented Borel-Moore functor of geometric type" on Schfc (see [H Definitions 2,1,1, 
2.1.12, 2.2.1 and Theorem 2.3.13]). Since #2*,* does not have all the properties of 
an oriented Borel-Moore functor of geometric type, we are forced to go through the 
actual construction of £2*; we will give a sketch of this three-step process, referring 
the reader to [U §2] for the details. 

Step 1. For Y £ Sm/fc of dimension dy over fc, let py '■ Y — > pt be the structure 
morphism, and define the fundamental class [Y]u £ H2d Y ,d Y (y) by 

[Y] H = a Y ] Y {p Y {\)) 

where 1 £ A 00 (pt) is the unit. 

For X £ Schfe, let Z n (X) denote the group of dimension n cobordism cycles on 
X. This is the group generated by tuples (/ : Y — ► X; L\, . . . , L r ), with Y £ Sm/fc 
irreducible of dimension n + r over fc, / a projective morphism, and L\, . . . ,L r line 
bundles on Y (we allow r — 0). We identify two cobordism cycles by isomorphism 
over X (see [U Definition 2.1.6]. Note that this includes reordering the Li). Z*(X) 
has the following operations: 

i. Projective push-forward. For / : X — > X' a projective map in Sch^ , set 

g*((f:Y^X;L 1 ,...,L r )):=(gof:Y->X';L l ,...,L r ). 

ii. Smooth pull-back. Let h : X' -^Xbea smooth, quasi-projective morphism 
of relative dimension d. Set 

h*{(f:Y->XiL u ...,L r )) 

:= (pa :Yx x X' ^ X'jpjii, . . . ,p\L r ) £ Z d+n (X'). 
iii. Chern class operator. Let L — ► X be a line bundle. Set 

£!(£)((/ iF^X;^,...,^,)) 

:=(/:y^I;L 1) ... 1 I r) fL)e4- 1 (4 
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iv. External products. Define 

x : Z n (X) x Z m (X') -> Z n+m {X x X') 

by 

(f:Y-+X;L l ,...,L r )x(f:Y'^X';M 1 ,...,M s ) 

= (fxf':YxY'^Xx X'wlLu . . . ,p\L r ,p\M x , . . . ,p*M.) 

Define #ij(X) : Z,(X) -» # 2 *,*(V) by 

MX)((/ : y -» A - ; Li, . . . , L P )) := /*(ci(Li)o. . .oci(L r )([F] H )) € #2d y -2r,d y -rP0. 

The properties of projective push- forward, pull-back for open immersions, and 
Chcrn class operators for H that we have discussed in $3] imply that the , &h{X) 
define a natural transformation of functors 

[$ l H : Z* -» # 2 *,*] : Sch^ -c GrassAb, 

and that i?^ is compatible with pull-back for open immersions, and with the re- 
spective Chern class operators for line bundles. 

For M G Sm/fc of dimension du over k, we let Z*(M) := Zd M -*(M). We have 
the map 

ttf(M) := «m,m o ^(M) : Z*(M) -* A 2 *'*(M). 

It is easy to see that $■£ has the same compatibilities as $h, and in addition, § A is 
compatible with smooth pull-back and external products. 

Step 2. The formal group law Fa(u,v) G A 2 *'*(pt)[[u, v]] gives rise to the classify- 
ing map 

<p A --U -^A-' 2 *--*( P t), 

a homomorphism of graded rings. Via the structure morphism px : X —> pt, 
H2*,*(X) becomes a graded module over A~ 2 *'~*(pt), and the projective push- 
forward, open pull-back and Chern class operators are all A *>~* (pi)-module maps. 
Via (fiA, H2*.*(X) becomes a graded module over L», and the projective push- 
forward, open pull-back and Chern class operators are all L* -module maps. Thus, 
•d l H gives rise to the natural transformation 

[0% : L* ® Z» -> H 2 *,*} : Sch' fc -» Gr L ,Mod 

compatible with open pull-back and Chern class operators. 
Similarly, we have the maps 

i?^(M) : L* ® Z*(Af) -» A 2 *'*(M), 

compatible with projective push-forward, smooth pull-back, Chern class operators 
and external products. Here L™ := L_„, giving the graded ring L* and the graded 
ring homomorphism ipA '■ L* — > A 2 *'* (pi). The graded group A 2 *'*(M) is thereby a 
graded L*-module, and the projective push-forward, smooth pull-back and Chern 
class operators are all L*-linear. The external products are L*-bilinear. 

Step 3. The group $l*(X) is defined as a quotient of L* Z*{X) by imposing 
relations on the Borel-Moore functor L* <g) Z* (see [H Definition 2.2.1,]): 
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a. The dimension axiom. For each X G Schfc, let Z_*(X) be the quotient of 
Z*(X) by the subgroup generated by elements of the form 

(/ : Y -> Jf,7r*(Li), . . ..^(AO.M!, ...,M S ) 

where 7r : Y — > Z is a smooth morphism in Sm/fc, L\,...,L r are line 
bundles on Z and r > dim/j Z. 

b. The Gysin axiom. For each X € Sch^, let £2^(X) be the quotient of Z + (X) 
by the subgroup generated by elements of the form 

(/ : Y - X; L 1( . . . , L r ) - (/ o % ■. Z - X; i*Li, . . . , i*!^) 

where i : Z — > Y" is the inclusion of a smooth codimension one closed 
subscheme Z such that Oy{Z) = L r . 

c. 77ie formal group law. f2*(X) is the quotient of L* <8> fi,, by the L*- 
submodule generated by elements of the form 

U([F A {ci(L),ci(M)) -h{L® M)}(r))), 

as / : y — > X runs over projective morphisms with Y G Sm/fc irreducible, 
I/, M run over line bundles on Y, and ?y runs over elements of Z^iY) of the 
form ci(Li) o . . . o c 1 (L r )(idy :Y-^Y) for line bundles Li, . . . ,L r on y. 

It follows from the results of [H §2.4] that all the above operations are well-defined, 
and that Z^, Q^ and f2* inherit the operations of projective push- forward, smooth 
pull-back, Chern class operators and external products from Z*. Finally, by [H 
Theorem 2.4.13], O* is the universal oriented Borel- Moore L*-functor of geometric 
type. 

To extend 'djj to the desired natural transformation dn , we need only show that 
$jj sends to zero the elements described in (i)-(iii) above. In fact, we note that 

Lemma 4.3. Let A be a bi-graded oriented ring cohomology theory on SP. Then the 
restriction of A 2 *'* (with the integration on A subjected to the given orientation) to 
Sm/fc defines an oriented cohomology theory on Sm/fc, in the sense of [U Definition 
1.1.2]. 

Proof. Indeed, an oriented cohomology theory on Sm/fc (following [4 ) is a con- 
travariant functor A* from Sm/fc to graded, commutative rings with unit, plus 
push-forward maps /* : A*(Y) — > A* +d (X) for each projective morphism / : Y — > 
X, d — codim/, satisfying the functoriality of projective push-forward, commuta- 
tivity of pull-back and push-forward in transverse cartesian squares, the projective 
bundle formula (with C\{L) :— s*s*(l_x") for L — ► X a line bundle with zero-section 
s) and an extended homotopy property: 

p* :A*(X) -> A*{E) 

is an isomorphism for each affine space bundle p : E — > X. These properties for an 
oriented ring cohomology theory are all verified in [8|. □ 

By [H Theorem 7.1.1] the structures we have defined on O* admit a unique 
extension to make $7* an oriented cohomology theory on Sm/fc, in the sense of [4]. 
By [H Theorem 7.1.3], fi* is the universal oriented cohomology theory on Sm/fc. 
Thus, given a bi-graded oriented ring cohomology theory A on SP, there is a unique 
natural transformation of oriented cohomology theories on Sm/fc 

■d A : n* -*• A 2 *'*. 
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By [4j Proposition 5.2.1] the Chern class operators in f2* are given by cup product 
with the Chern classes ci(L). As the image in 0*(M), [/ : Y — » M; L\, . . . , L r ], of a 
cobordism cycle (/ : Y — * M;Li, . . . ,L r ) is equal to /*(6i(£) o . . . oci(L r )(py(l))), 
it follows that 

^([/ : Y - M; L x , . . . , L r }}) = ti A ((f : Y -» M; L ls . . . , i r )) 

Also, -i?" 4 : fi*(pt) — > A 2 *'*(pt) is a graded ring homomorphism, and -d A is a fi*(pi)- 
module homomorphism, so 

d A {a ■ [f : Y - M; L x , . . . , L r ]]) = i#(a ® (/ : Y -> M; L X) . . . , L r )) 

for all a 6 L*, in other words, t?^ descends to the natural transformation -d A : ft* — » 

/|2*,* 

This immediately implies that i9|^ descends to a natural transformation 

j?h : n. -> F 2 *,*. 

Indeed, the elements described in (i)-(iii) are all of the form /*(r), for r an element 
oiZ*(Y), Z_^(Y) or L* ® $7„ (Y) , with Y 6 Sm/fc, / : Y — > A a projective morphism, 
and r going to zero in f2*(Y). Since 

= ^(Y)(r) = ar,r(^(Y)(r)), 
it follows that #jj(Y)(t) = 0, and thus 

V = W 2 h {Y){t))=^ h {X){U{t)). 
Thus, i?^ descends uniquely to 

completing the proof of (l)-(4). D 

There is still the question of the behavior of fin with respect to cap products 
and external products. We recall |U Theorem 7.1.1], which states that fi* admits 
functorial pull-back maps for all l.c.i. morphisms in Schfe, extending the pull-back 
maps for smooth morphisms, and satisfying the axioms of an oriented Borel-Moore 
homology theory on Schfc (in the sense of [4j Definition 5.1.2]). This enables us to 
define a cap product map 

/* (-)n : n«(M) ® fip(Y) -» n P _ g (Y) 

for each morphism / : Y — > M, M £ Sm/fc. Indeed, we have the external product 

x : 0«(M) ® Q P (Y) -v n p _g +dM (M x Y) 

As M is smooth, the graph embedding (/, idy) : Y — ► Af x Y is a regular embedding 
of codimension cLmi so we have a well-defined pull-back 

(/,idy)* : n p - q+dM (M xY)^ Q p _ g (Y). 

We set /*(o) Db:= (f,id Y )*(a x 6) for a e Q«(M), 6 e O p (Y). 
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Proposition 4.4. Let f : Y — » M be a morphism in Schfc, with M £ Sm/fc. 77ien 
i/ie diagram 

n«(M ) <g> o p (y) y ( ~ )n > n p _ g (F) 



«M,Mor(M)w F (r) 



i?ff(Y) 



A 2 «>s(M) ® ff 2p , p (F) -^tf 2(p _ g)iP _ g (Y) 



commutes. 



Proof. Suppose first that Y is in Sm/fc, of dimension dy over ft. It is easy to see 
that the map 

/* (-)n : n«(M) ® O p (F) -» O p _ 9 (Y) 
is given by 

/*(o)n6 = /*(o)Uft, 

after making the identification fl n (Y) = il dY ~ n (Y) , where the /* on the right-hand 
side is the pull-back map /* : fi*(Y) — > fi*(M) and U is the product on Vt*(Y). 
The analogous formula on the (H,A) side follows from definition 13 . 1 { A4) . Thus, 
the proposition is true for Y £ Sm/fc. 

In general, we recall from [4} Lemma 2.5.11] that f2*(Y) is generated (as an 
abelian group) by the classes of the form [g : W — > Y], W £ Sm/fc, g projective. 
For both il* and if*.*, we have the identity 

0*((/°2)*(a)n 6) = /*(a)n </*(&). 

Since $# commutes with projective push-forward, and "d A commutes with pull- 
back by arbitrary morphisms in Sm/fc, the case of smooth Y implies the general 
case. □ 

Proposition 4.5. The natural transformation ## is compatible with external prod- 
ucts: For a £ Q P (X), b £ Q q (Y) 

tf H (a xb) = i? H (o) x $ H {b) £ H 2 ( p+q ),p+q(X x Y). 



Proof. The proof is similar to that of proposition 14.41 Since the external products 
are compatible with push-forward (as in definition 13. lf A3)(ii)). it suffices to handle 
the case of smooth X and Y. The statement is then a consequence of the fact that 
■& A {M) : ft*(M) -» A 2 *-*(M) is a ring homomorphism. □ 

Comparing f2* and MGL^ *. Putting proposition [4J] and proposition l4.2l together, 
we have the natural transformation 

I^mgl' : tt* -> MGi;,,] : Sch' fc -> GrAb 

extending the natural transformation of oriented cohomology theories on Sm/fc 

i? MGL : Q* -> MGL 2 *'* 

discussed in [3] 

Conjecture 4.6. Lei k be a field of characteristic zero. Then $mgl' : ^* - * 
MGL2* * is an isomorphism. 
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The analogous conjecture for $ MGL was stated in [4j. In fact, the extension of 
^mgl j. Q $ MGL , should allow one to use localization to prove the conjecture. We 
give a sketch of the argument here, details will appear in a subsequent paper. 

It follows from an unpublished work of Hopkins-Morel, constructing a spectral 
sequence from L*®if*(-,Z(*)) converging to MGL*'*, that the map $ MGL (SpecF) 
is an isomorphism for any field F (in characteristic zero). Now that we have the 
extension to $mgl' , we can use the right-exact localization sequence and induction 
on the Krull dimension to prove the result in general. 

Indeed, for a given X 6 Schfc, let 

n?\x) = iim n,(w) 

wcx 
where the limit is over all closed subsets of W not containing any generic point of 
X. Define MGL 2 ^^(X) similarly. We have the commutative diagram 

3* 



aP(x) — =— > a.(X) — J —> n,(fcpr)) — > o 



&W(X) 



#(X) 



*(fe(X)) 



MGL' *{k(X)) -> MGl/^X) -^ MGL' (X) -4 MGL 2 *,*(fe(X) -> 

with exact rows. Assuming ^'(X) is an isomorphism, and noting that d{k{X)) 
is an isomorphism, we already find that #(X) is surjective. To show that $(X) is 
injective, we need only lift the map d to a commutative diagram 

a' 



MGL 2 *+i.*(fcPO) > ^PO 



0' 



^(X) 



MGL' 2 , +M (fc(X)) — -> MGL^X) 



such that j, o 9' = and #' is surjective. For this, one uses the Hopkins-Morel 
spectral sequence to get a handle on elements generating MGL4* + j !t (k(X)) and 
then the formal group law to understand the boundary map d on the generators. 

References 

[1] Bloch, S. Ogus, A. Gersten's conjecture and the homology of schemes. Ann. Sci. Ecole Norm. 

Sup. (4) 7 (1974), 181-201. 
[2] Dundas, B. I., Levine, M., 0stvasr, P. A., Rondigs, O. and Voevodsky, V. Motivic homo 

topy theory. Lectures from the Summer School held in Nordfjordeid, August 2002. Univer- 

sitext. Springer- Verlag, Berlin, 2007 
[3] Fulton, W. Rational equivalence on singular varieties. Inst. Hautcs Etudes Sci. Publ. Math. 

45(1975), 147-167. 
[4] Levine, M. and Morel, F. Algebraic cobordism. Springer Monographs in Mathematics. 

Springer, Berlin, 2007. 
[5] Mocanasu, M. Borel-Moore Functors and Algebraic Oriented Theories. Preprint (2004). K- 

theory preprint archive 713, http://www.math.uiuc.edu/K-theory/0713/ 
[6] Morel, F. and Voevodsky, V., A 1 -homotopy theory of schemes, Inst. Hautes Etudes Sci. Publ. 

Math. 90 (1999), 45-143. 
[7] Morel, F. An introduction to A 1 -homotopy theory. Contemporary developments in algebraic 

K -theory 357-441, ICTP Lect. Notes, XV, Abdus Salam Int. Cent. Theoret. Phys., Trieste, 

2004. 



ORIENTED COHOMOLOGY 47 

[8] I. Panin Push-forwards in oriented cohomology theories of algebraic varieties II. Preprint 
2003. |http://www.math.uiuc.edu/K-theory/0619/| 

[9] Panin, I., Pimenov, K. and Rondigs, O. A universality theorem for Voevod- 
sky's algebraic cobordism spectrum. Preprint (2007). X-theory preprint archive. 
http://www.math.uiuc.edu/K-theory/0846/ 
[10] V. Voevodsky, A 1 -homotopy theory, Proceedings of the International Congress of Mathe- 
maticians, Vol. I (Berlin, 1998). Doc. Math. 1998, Extra Vol. I, 579-604. 

Department of Mathematics, Northeastern University, Boston, MA 02115, USA 
E-mail address: marc@neu.edu 



